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RESUMO

Ao longo das ultimas décadas, a estabilizacao robusta regional de sistemas n3do lineares tem
sido estudada sob diferentes metodologias. Neste cenario, a teoria de Lyapunov tem sido
utilizada com sucesso como ponto de partida para desenvolver condicoes de estabilizacao na
forma de desigualdades matriciais lineares (LMls, do inglés Linear Matrix Inequalities) para
diferentes classes de sistemas nao lineares. Essas abordagens consideram restrices nos estados
do sistema devido a limitacoes fisicas ou associadas a validade do modelo utilizado, além
disso, restricGes na entrada de controle decorrentes da saturacdo do atuador também tém sido
estudadas de forma mais aprofundada. No contexto de controle baseado em modelos, uma
alternativa pouco explorada na literatura, principalmente no dominio do tempo discreto, é o uso
de Representacdes Algébrico-Diferenciais ou de Diferencas (DAR, do inglés Difference-Algebraic
Representation). Neste sentido, esta tese aborda o problema de estabilizacdo regional de
sistemas ndo lineares em tempo discreto com parametros variantes no tempo modelados por
DAR. Os resultados deste trabalho sdo apresentados em duas partes: (i) novas condicdes
suficientes na forma de LMIs s3o desenvolvidas para projetar controladores por realimentacao
de estado com ganho escalonado, utilizando funcdes de Lyapunov dependentes de parametros.
Dois problemas de otimizacdo sdo propostos para obter o maior Dominio de Atracdo (DoA,
do inglés, Domain of Attraction) estimado ou para minimizar o ganho ¢, da entrada de
perturbacdo limitada por energia para a saida de desempenho; e (ii) uma nova metodologia
para projetar controladores por realimentacéo de estados e de saida baseada em funcdes de
Lyapunov polinomiais é proposta. As condicoes LMIs obtidas garantem a estabilizacao do
sistema e fornecem uma estimativa do DoA. Em ambos os casos, o uso de funcdes de Lyapunov
alternativas e informacdes sobre as n3o linearidades do sistema para o projeto do controlador
reduzem o conservadorismo das condicoes de sintese. Exemplos numéricos ilustram a eficacia da
metodologia proposta, apresentando resultados favoraveis ao comparar com trabalhos recentes

na literatura para controle de sistemas n3o lineares em tempo discreto.

Palavras-chave: Representacdo Algébrica e de Diferencas. Controle n3o linear regional.

Funcdes de Lyapunov polinomiais. Funcdes de Lyapunov dependentes de parametros.



ABSTRACT

Over the past decades, the regional robust stabilization of nonlinear systems has been inves-
tigated under different viewpoints and methodologies. As a matter of fact, in this scenario,
Lyapunov theory has been successfully used as a starting point to develop stabilization condi-
tions in the form of Linear Matrix Inequality (LMI) for different classes of nonlinear systems.
These approaches have considered state constraints generated by limitations in the physical
system or associated with the model validity and, more recently, control input constraints
arising from actuator saturation. In the context of model-based control, an alternative not
widely explored in the literature, especially in the discrete-time domain, is the use of Differential
or Difference-Algebraic Representation (DAR). In this sense, this thesis addresses the regional
stabilization problem of discrete-time nonlinear systems with time-varying parameters modeled
as DAR. The results of this investigation can be associated with two main contributions: (i)
a novel set of sufficient LMI conditions is developed to design gain-scheduled state feedback
controllers using parameter-dependent Lyapunov functions, and two optimization problems are
proposed to either obtain the largest estimated Domain-of-Attraction (DoA) or to minimize the
{>-gain from the energy-bounded disturbance input to the performance output; and (ii) a new
methodology to design State Feedback (SF) and Static Output Feedback (SOF) controllers
based on polynomial Lyapunov functions is provided. The proposed LMI conditions guarantee
the system stabilization associated with an estimate of the DoA. In both cases, considering
alternative Lyapunov functions and information on the system’s nonlinearities to synthesize
the control law reduces conservatism in the control design. Numerical examples illustrate
the effectiveness of the proposed methodology, showing favorable comparisons with recently

published results in the context of robust control of discrete-time uncertain nonlinear systems.

Keywords: Difference-Algebraic Representation. Regional nonlinear control. Polynomial

Lyapunov functions. Parameter-dependent Lyapunov functions.
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1 INTRODUCTION

This chapter provides an overview of this thesis. Initially, some aspects related to
analysis and control of nonlinear dynamical systems are introduced. Next, the motivations and
objectives pursued in this research are stated. Finally, the outline of this thesis is presented

and contributions of this investigation are highlighted.

1.1 Analysis and control of nonlinear dynamical systems

In real-world applications, most dynamical systems, such as electrical, electronic, me-
chanical, aerospace, thermal, chemical, and biological systems, present nonlinear behavior.
In the context of control systems, the predominance of nonlinear systems is widely known
[1, 2, 3, 4]. Generally, the stability analysis and the control design for nonlinear systems are a

difficult task and require advanced and involved mathematical tools.

Due to the extensive knowledge and powerful methodologies available in the context
of linear systems, a common engineering practice is to linearize the system model around an
operating point for analysis and control purposes. Indeed linear analysis is a useful tool to
understand the system behavior. However, according to Khalil [3], only the linearization may
not be sufficient, since the results obtained may be guaranteed only in a small neighborhood of
the operating point and the linear representations may be unable to model certain nonlinear

phenomena.

Besides the fact that it is essential to consider the nonlinear characteristics of certain
systems, in many cases the use of nonlinear control strategies, even for processes considered
as Linear Time-Invariant (LTI) systems, can be important to achieve better performance for
the closed-loop control system in comparison to what can be achieved relying only on linear

techniques [1].

As a consequence of the benefits of addressing nonlinear behavior in control systems,
the development of analysis and synthesis conditions for nonlinear control systems has received
a lot of attention in the last few decades. For nonlinear systems, a general methodology is
not known, but analysis and control techniques aimed at specific classes of systems, such
as polynomial systems [5, 6, 7, 8, 9], rational systems [10, 11, 12, 13, 14, 15, 16, 17, 18],
Takagi-Sugeno (TS) fuzzy models [19, 20, 21, 22, 23, 24, 25, 26, 27, 28], and quasi-Linear
Parameter Varying (qLPV) systems [29, 30, 31, 32, 33, 34, 35, 36, 37] have been developed.

In this context, an alternative for nonlinear control systems that has received a lot of
attention from researchers is to consider a compact region around the equilibrium point of

interest, in which the stability of the equilibrium point is guaranteed [3]. Since constraints
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on system states and control inputs usually occur in practical applications due to physical
limitations, these approaches are quite promising. In this investigation, we are particularly
interested in the regional stabilization and input-output characterization of a specific class of

nonlinear systems, while taking into account several relevant aspects of control theory.

1.2 Motivation

The development of synthesis conditions to robust stabilization of nonlinear systems with
constraints is a fundamental problem in control systems theory, with several practical applications
as, for instance, in spacecraft attitude control [38, 39], mobile robots [40], bioprocesses [41]
and solar power generation [42]. These methods generally rely on semidefinite programming to
solve stabilization conditions based on the Lyapunov stability theory. In the context of nonlinear
systems, this approach can be very challenging, and therefore it is worth pursuing systematic

closed-loop stability analysis and control design techniques.

In some real-world control applications, constraints on the control inputs and states
should be fulfilled for physical, technical, or safety reasons [20, 24]. Input constraints usually
arise from actuators saturation [43, 44]. On the other hand, besides the necessity to obey
physical and safety requirements, system states are sometimes implicitly assumed to be bounded
in order to guarantee the validity of underlying mathematical models used to solve analysis
and/or synthesis control problems. In this sense, as it is not possible to guarantee global
stability of the system, since the control law will be valid only in the region associated with
the model validity, these constraints must be directly taken into consideration in the control
problem formulation [11, 45]. Indeed, for many real-world applications, if input and state
constraints are not taken into account in the control design, this may result in safety risks or

even in closed-loop system instability.

In addition, real-world control systems are frequently subject to parameter variations and
uncertainties arising from changes in the plant or in the environment, and from measurement
noise. Considering time-varying parameters and system constraints at the same time can
lead to conservative design results. However, it is possible to reduce the conservativeness by
selecting non-quadratic Lyapunov functions, such as parameter-dependent Lyapunov functions
or polynomial Lyapunov functions, to perform stability analysis and control synthesis [46, 47,
48, 49, 50, 15]. Alternatively, nonlinear controllers can be used instead of linear ones. In this
context, due to the possibility of simple and intuitive control design, gain-scheduled control is
one of the most used strategies for controlling several nonlinear systems [39, 51]. Besides that,
by using gain-scheduled controllers it is sometimes possible to reduce conservativeness also by

inserting information on the measured plant parameters variations explicitly in the control law.

At the same time, due to the recent advances in hardware, it is noteworthy that almost
all controllers are implemented in a digital environment. Generally, digital controllers are

more powerful, reliable, faster, and cheaper [52, 53]. These factors have motivated numerous
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contributions focused on control design for originally discrete-time systems or the counterparts

of continuous-time systems obtained using discretization methods [54, 21, 29, 24].

Based on this discussion, this research aims to develop regional stabilization conditions for
discrete-time nonlinear systems with time-varying parameters. The class of systems considered
in this research covers all systems that can be modeled as a Difference-Algebraic Representation
(DAR) [55], also called in the literature as Recursive-Algebraic Representation (RAR) [12, 50],
the discrete-time counterpart of the Differential-Algebraic Representation [56]. From DAR,
it is possible to obtain an exact representation of rational nonlinear systems as a set of
algebraic and difference (or differential) equations. It is worth mentioning that even vector
fields with elementary nonlinear functions, such as exponential, logarithmic, trigonometric, and
hyperbolic functions, can be rewritten in rational form, as presented by Henrion & Garulli [57,
p. 29]. In this sense, DAR can be used to model a wide range of phenomena in engineering,
physical, chemical, biological and economic contexts [12]. Moreover, it is possible to apply
the well-established Lyapunov theory [3] and LMI-based tools [58, 59] for the control design of

parameter-varying systems.

The use of Differential and Difference-Algebraic Representations in analysis and control
of nonlinear systems has been investigated in the last decades, under several aspects in the
context of regional stability analysis [60, 50, 61, 62, 15], regional stabilization and DoA
estimation [11, 45, 63, 64, 13], regional stabilization and output performance [11, 18], filters
and observers analysis and design [65, 55, 66], anti-windup design [67, 68], event-triggered

control [69], and more recently for the output regulation problem [14].

In the context of stability analysis, less conservative results to nonlinear systems
described in DAR form were obtained by searching for polynomial and rational Lyapunov
function candidates [60, 70, 71, 15]. However, due to inherent difficulties in the development of
synthesis conditions, recent approaches to DAR use quadratic Lyapunov functions and/or linear
State Feedback (SF) controllers to robust stabilization and DoA estimation [14, 12, 64, 13]. In
this sense, the development of new stabilization conditions to obtain less conservative results is

worth investigating.

Besides that, there are still relevant problems in the literature that have not been
widely explored in the context of DAR, especially in the discrete-time domain as, for instance,
the design of Static Output Feedback (SOF) controllers. The SOF control design problem
has received a lot of attention in the past years because it is simple to be implemented in
practical situations where only partial state information is available in real-time [24, 72, 44].
However, the design of SOF control schemes is considered to be harder to solve due to its
non-convex characterization, even in the context of linear systems [46, 73, 44]. Most results
are restrictive and conservative. For instance, some methodologies require a constant output
matrix or particular similarity transformations [74, 75]. Besides that, it is possible to find in the

literature methodologies based on iterative algorithms which increases the computational effort
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[76, 77, 78]. There are also two-step approaches, where the first step consists of searching for
an SF controller and then the SOF control is obtained from the initial results [18, 79]. More
recently, in Peixoto, Coutinho & Palhares [72] and Peixoto et al. [44] an alternative one-step
approach was proposed to compute output-feedback control gains for discrete-time nonlinear
parameter-varying systems with time-varying delay in the state and also the case for fuzzy
systems [21]. Thus, SOF control is a challenging stabilization problem and it is worth noting

that there is still room for improvements, especially in the context of DAR systems.

1.3 Objectives

This thesis is concerned with the stabilization of discrete-time nonlinear systems.

Therefore, based on what was previously discussed, the following specific objectives are pursued:

a) To explore the use of DAR in controller synthesis for discrete-time nonlinear systems

with time-varying parameters;

b) To explore non-quadratic Lyapunov functions to obtain novel conditions for stabi-

lization of discrete-time nonlinear systems;

c) To obtain new conditions for control design incorporating information about the

system'’s nonlinearities in the control law;

d) To take into account state constraints in the synthesis of controllers for nonlinear

discrete-time systems.

1.4 Thesis outline and contributions

This manuscript is divided into four parts organized as follows:

(i) Part | - Chapters 1 and 2:

This is the introductory part of the thesis. Chapter 1 provided an overview of
our research. In the sequel, Chapter 2 presents the main concepts and definitions
utilized throughout this investigation, concerning the use of DAR in the context of

nonlinear control.
(ii) Part Il - Chapters 3 and 4:

In this part, we explore the use of parameter-dependent Lyapunov functions to
provide novel stabilization conditions for discrete-time nonlinear systems described in
a DAR form. In Chapter 3, concepts, definitions, and the main problems addressed

in this part of the research are discussed.

Chapter 4 presents the theorems based on parameter-dependent Lyapunov functions
obtained to synthesize gain-scheduled SF controllers. Firstly a non-iterative method

to regional stabilization applied to minimize the input-to-output performance index



Chapter 1.

Introduction 22

in the presence of energy-bounded disturbances is proposed, when considering zero
initial conditions, together with a polytopic description of input saturation, as
proposed by Hu & Lin [80], instead of the so-called generalized sector condition
[81]. Secondly, the approach is adapted to the problem of estimating the largest
DoA, disregarding the presence of exogenous disturbances. Our main contributions

at this point can be summarized as follows:

— Proposition of new sufficient conditions to design gain-scheduled SF controllers
for regional stabilization of nonlinear systems with state and input constraints,
described in a DAR form, by using a novel set of LMIs obtained by consider-
ing parameter-dependent Lyapunov functions and incorporating information on
the system’s nonlinearities to synthesize the control law, reducing the design
conservativeness;

— Development of LMI synthesis conditions to ensure input-to-state stability and
worst-case input-to-output performance by minimizing the induced ¢»-gain from
the disturbance input to the performance output, relating the system stabilization
region to the admissible energy-bounded disturbance in the case of zero initial

conditions;

— Modification of the synthesis conditions to investigate the problem of DoA

estimation for the closed-loop system, for the case of no input disturbances.

It is worth emphasizing that input-to-output stability for nonlinear systems may hold
only locally [3], and thus it is necessary to consider in the control design explicit
bounds on the disturbance inputs and on the admissible initial conditions for the
system. Otherwise, performance and stability cannot be effectively guaranteed.
However, several available results do not consider the important practical aspects of
regional characterization of nonlinear systems robust stabilization and performance
with an estimation of the stabilization region [82, 83, 84], or the existence of limits
on the control input [18, 19].

To the best of the author’s knowledge, Oliveira, Gomes da Silva Jr. & Coutinho [61]
and Oliveira, Gomes da Silva Jr. & Coutinho [85] proposed analysis conditions
to constrained nonlinear systems described by DAR to investigate both problems,
but without providing synthesis conditions. Klug, Castelan & Coutinho [19] also
investigated similar problems for systems represented as Takagi-Sugeno fuzzy models
with nonlinear consequent, but without taking into account time-varying parameters

or control input saturation.

In the end of Part |, some numerical examples illustrate the effectiveness of the

proposed approach.

The results presented in Chapter 4 have been published in Reis et al. [86] and Reis
et al. [87].
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Part 11l - Chapters 5 and 6:

This part of the investigation is focused on the use of polynomial Lyapunov functions.
In Chapter 5, preliminary concepts and some relevant aspects considered in our

methodology are discussed.

Chapter 6 presents new theorems to design gain-scheduled SF and SOF controllers
for discrete-time nonlinear systems with time-varying parameters described in a DAR
form. Convex optimization problems subject to LMI constraints are proposed to
obtain the largest estimate of the closed-loop DoA. Our methodology consists in
a one-step approach that requires no iterative algorithms, and auxiliary decision
variables are introduced only aiming at less conservative results. More specifically,

our main contributions can be summarized as follows:

— A novel sufficient condition to design nonlinear gain-scheduled SF controllers for
regional stabilization of discrete-time nonlinear systems is provided. The novelty
of this approach compared to that proposed by Oliveira, Gomes da Silva Jr &
Coutinho [12] (based on quadratic Lyapunov functions) and our first proposal
presented in Part Il (based on parameter-dependent Lyapunov functions) is related
not only to the fact that a polynomial Lyapunov function candidate is considered,
but also to the methodology used to obtain the proposed conditions, in which no

congruence transformations are required;

— A new sufficient condition based on polynomial Lyapunov functions for regional
stabilization of discrete-time nonlinear systems by gain-scheduled SOF controllers,
so far not explored in the context of DARs, is presented. The new control
approach can be applied to systems with parameter-dependent and/or nonlinear

output matrix. Besides that, no similarity transformation is required.

In the context of discrete-time nonlinear systems described in a DAR form, to the
best of the author's knowledge, Coutinho & Souza [50] proposed analysis conditions

based on polynomial Lyapunov functions, but without providing synthesis conditions.

Finally, Chapter 6 also brings some illustrative numerical examples to show how
the use of polynomial Lyapunov functions can provide a larger and more accurate

estimated DoA, reducing conservativeness.
Part of the results presented in Chapter 6 have been published in Reis et al. [88].
Part IV - Chapter 7:

To conclude, Chapter 7 points out conclusions and directions for the continuity of
this study.



24

2 NONLINEAR SYSTEM REPRESENTATION

The purpose of this chapter is to introduce fundamental concepts for the general
context of this thesis, concerning the stabilization of discrete-time nonlinear systems, described
in a DAR form. The class of discrete-time nonlinear dynamical systems considered in this
investigation is presented in Section 2.1. In the sequel, Section 2.2 shows how DAR can be

used to describe this class of nonlinear systems and some numerical examples are given.

2.1 The class of nonlinear systems

Throughout this work, unless otherwise additional specific assumptions are made, the

following class of discrete-time nonlinear dynamical systems is considered:

X1 = f (xk, Ok) + 8 (xk, O )i + h(xy, O )wy,
zk = fz(xx, Ok) + 92Xk, Op ) ug + hz(xk, O )wy, (2.1)
Y = fy(xx, 6k) = Cy(xk, k) Xk,
where x; € X C R"* is the state vector of the system, 6, € A C R™ is a time-varying
parameter vector, which is supposedly known and available for measurement, u;, € R" is
the control input, w; € IR is the exogenous disturbance input which is supposed to be
an arbitrary signal in the /;-space, zx € IR is the performance output, yx € R™ is the

measurement output, and Cy(xy, &) € R is the output matrix.

In this investigation, the following assumptions are considered for system (2.1):

Assumption 2.1. Functions f(-) : R"™ x R"™ — R™, f,(-) : R™ x R"™ — R", f,(-) :
R™ x R™ — R™, (with f(0,0¢) = f2(0,6¢) = f,(0,0¢) =0), g(-) : R™ x R — R™*",
2(1) : R™ x R"™ — R"™ ™ R(-) : R™ x R" — R™*"™ and hy(-) : R™ x R" —

R"=*"w are rational functions well-posed on X X A.

Assumption 2.1 regards the class of rational systems and guarantees existence and
uniqueness of the solutions of the difference equation in the region X X A that contains
the equilibrium point f(0,d;) = 0, Vé; € A. It was already shown by Coutinho et al. [18]
that the class of rational systems in the continuous-time domain can be represented in a
Differential-Algebraic Representation form. Similarly, this representation could be used in the

context of discrete-time systems, as also presented in the literature [45, 61, 85].

Assumption 2.2. The disturbance input vector wj belongs to the following class of square

summable sequences:

W = {wk c R ; ||wk||% < )\*1} , for some A > 0. (2.2)
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2.2 Using a Difference-Algebraic Representation

From Assumption 2.1, the rational system (2.1) can be recast as a DAR given by

Xir1 = A1(Xk, O) xic + Ao (xXk, Op) 7 + Az (X, O ) uge + Ag(xg, Ok )Wy,
1 (xk, Op) X + Qo (X, O) 7 + Q3( X, O ) e + Qa (X, O ) wic,
CZ1 (xk/ 5k Xk + CZz(xk/ 5k)nk + CZg(xk/ 5k)uk + CZ4(xk/ 5k)wk/

| (23)
Y = Cy, (xk, 0k ) xx + Cy, (xx, Ok ) 71,

where 71y := 71(xk, Ok, tt, wi) € R"™ is an auxiliary vector of rational functions with respect
to (x, Ox), and affine functions with respect to (uy, wy). The matrices Aq(xy, d) € R"™*"x,

(xklék) c Ri’lxxnn A3(xk/5k) c ]Rnxxnu A4(xkr(5k) c ]Rnxxnw' Ql(xkrék) c ]Rnanx'
o (xg, ) € R (hs(x, 6;) € Riaxm, 04(xk/ 5) € R, C., (x,0) € R™%=%,
C, (xk ) € Rr=xnr, CZS(xk,(Sk) € R™=Xm (xk/ 5) € Rz, Cy1 (xi, ;) € R,
and Cy, (xx, &) € R™*"'7, are affine functions of (xx, &), with Qo (xy, k) a square full-rank
matrix for all (xi, dx) € X X A.

The correctness of DARs can be verified by replacing the nonlinearity vector 7t given

by the null algebraic equation in (2.3) with the corresponding expression:
e = — O (o, 8c) [ O (xk, 6) X + Q3 (e, S 1age + Qg (g, Gy (2.4)

in the equations related to xj1, zx, and y in (2.3). This procedure must result in the same
difference equation presented in (2.1). Figure 2.1 illustrate this idea presenting the block
diagram of the DAR in (2.3).

Coutinho et al. [18] showed that the DAR includes the Linear Fractional Representation
(LFR) of rational nonlinear systems discussed by Ghaoui & Scorletti [10]. Thus, it is possible
to apply LFR modeling tools to derive a DAR model for rational nonlinear systems, which leads
to constant matrices A1, Ay, A3, and Ay, as detailed in Coutinho et al. [18]. Furthermore, it
is possible to obtain a DAR of a rational system directly from the state-space model (2.1),
through a more intuitive procedure presented in Trofino & Dezuo [15], which was used in this

research.

2.2.1 Numerical examples

In the sequel, we present some numerical examples to demonstrate how it is possible
to obtain a DAR of a rational dynamical system, based on the ideas shown in Trofino &
Dezuo [15].

Example 2.1 (Polynomial system). Consider the polynomial discrete-time nonlinear system

without time-varying parameters

Xk+1 = 00Xk — ﬂlx% + (ap + agx%)uk + agwy. (2.5)
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v

Uy

\ A

Xk+1

Figure 2.1 — Block diagram of DAR.

A DAR for this system can be obtained by the following three steps.
(i) Start by defining the nonlinearity vector 1

In this case, a possible choice of 1) which allows us to express the difference equation

(2.5) as an affine combination of xy, 7y, Uy, and wy is:

T

Tl = XI% xi XiUj

(ii) Now, it is possible to rewrite the system equation based on 7t

Considering the vector 7ty defined previously, the polynomial system in (2.5) can be
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recast as the difference equation in (2.3), with
A1 =agy, Ax(xy) = [0 —a1 Xy a3xk] , Az =ap, and Ay =ay.

(iii) Finally, one can obtain the algebraic equation based on each element of 7,

In this example, the entries of vector 71} are such that:

Tk = X Xg — 1 =0
Tk = XkTT(1)k » O kTt — T2k = 0/
7T(3)k = XjUg XU — 7T(3)k =0

leading to the algebraic equation in (2.3) with

” 1.0 0 0 0
M(xe) = 0], Q(xx)=|x -1 0], Q3(x)=1]0]|, and Qy= |0
0 0 0 -1 % 0

Thus, system (2.5) can be recast in a DAR given by

Xk+1 = AoX + [O —a1 Xk Ll3xk} T + AUy + A4Wy,

0=10 Xp + X -1 0 T + 0 Uy + 0 Wy
0 0 0 -1 X 0

Remark 2.1. In this example, it is worth mentioning two important aspects:

a) Although the term x% is not necessary to describe the system in a difference equation
form as in (2.6), the choice of x7 as one of the entries of the nonlinearity vector (7ty.) is
essential to obtain the algebraic equation in (2.6) as an affine combination of Xy, 7Ty, uy,
and wy;

b) Other possible choice for the nonlinearity vector is defining

T

T = [x]% XXy Xl X2l

In this case, following the steps described previously, system (2.5) can be rewritten in a

DAR form (2.3) such that
Alza()/ AZZ [0 0 —a1 0 a3i|/ A3:a2/ A4:ﬂ4,

EA (-1 0 0 0 0] 0
0 xx -1 0 0 0 0
M) =10, Dx)=]0 x -1 0 0|,Qs(x)=1]0], and
0 0 0 0 -1 0 X
0 0 0 0 x —1] 0 |
Q4 = 05x1

Note that, by choosing this vector 7t;, matrices A;,i € L, are constant.
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Example 2.2 (Rational system). Consider the following rational discrete-time nonlinear system

a1 Xy
Xkp1 = AoXg + fn(Xp) Xk + aguy + azwy,  fu(xg) = Bo & byxp (2.7)

Following the steps presented in Example 2.1, firstly, the vector 7t) is defined. In this

case, a possible choice that allows describing this rational system in a DAR form is

me= ) fulxom]

Then, the system equation (2.7) can be decomposed as

Xey1 = ag Xx+ [0 1] T+ ay up+ az Wy (2.8)
~~ —— ~—~— —~—
A1 A2 A3 A4

Finally, it is necessary to ensure the relation between 1t and xj determined by the
algebraic equation in the DAR. Since by + bixy # 0, per Assumption 2.1 on fy(x), this

rational function can be redefined as an augmented polynomial equation such that

a1 X — fu(xx)(bo + byxg) = 0.
Thus, we have

7

{ M Xy — bOT((l)k — b17'((2)k =0
Xk7(1)k — TT(2)k = 0

leading to the following algebraic equation

a1 —b() —bl 0

0= Xx + T + Up + Wy. 2.9
[O k X 1 k 0 k 0 k ( )
——— —_——
(@] ()2(xk) O3 Oy

Therefore, system (2.7) can be recast in a DAR form (2.3) by equations (2.8) and (2.9).

Example 2.3 (Rational system with time-varying parameters). The following example is a
more complex nonlinear system, including time-varying parameter and the output vectors zj.

and yy described previously

X(1)k+1 = X2k + 0.5wy,

o)k [X(kX @)k T+ 1] X(2)k
1+ (5(2)k

X)k+1 = —X@2)k T + ug + wy,

(2.10)
Zk = X(o)k + x%l)kuk,
Ye = X1k + xf’l)k,

where 1+ 65); 7 0. A possible DAR (2.3) for this system can be obtained with
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O X (16X O kX
_ (2 SRRtk SurXer
Tk [xu)k T+00y  14+0p); K]

0 1 0 0 0 0] 0 0.5
A = , Ap(xg) = , Az = , Ay = ,
0 -1 0 X(z)k 1 0 ] 1 1
a0 ] -1 0 0 0
0 0 0o -1 X 0
Oy (xg, 0) = , (g, ) = (L)k ,
0 dap 0 0 _(5(2)k +1) 0
0 0 | 0 0 ~1
T
Qg(Xk) = |: 00O x(l)k s Q4 - |: 0 00O i| ’

C., = [0 1}, C.,(xp) = [0 00 x(l)k}, C,,=Cs, =0,
C, = [1 0}, Cyy (x) = [x(l)k 00 0} .

Remark 2.2. It is important to point out that the LFR of a rational nonlinear system is not
unique. Besides that, using a procedure similar to the one presented in Trofino & Dezuo [15], it is
possible to choose different nonlinearity vectors 1Ty, as illustrated in Example 2.1. Consequently,
the composition of the nonlinear system in a DAR form is not unique, which can lead to
conservative results, depending on the choice of the nonlinearity vector, or on the LFR being
used to obtain the DAR.

2.2.2 Polytopic description

As previously discussed, due to physical limitations and the validity region of the model,
a domain of operation for the system must be considered. In this investigation, the state

trajectories of system (2.3) will be constrained into the following polyhedral set:

X = {xk ER™:alx, <1, ve Ine}, (2.11)

where a; is a constant n,-dimensional vector of parameters, and 7, is the number of affine
constraints (represented as hyperplanes) which characterize the region X'. Figure 2.2 presents

two examples of polytopic regions, considering 2D and 3D systems.

Taking this domain into account in the control design will be essential to ensure both
suitable closed-loop performance and stability of nonlinear systems. The choice of the polyhedral
set could be considered conservative. However, due to its characteristics of simplicity and
convexity, this set is widely used [20, 12, 13, 14].
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X(2)k

ne=5

Figure 2.2 — Examples of polytopic regions X for 2D and 3D systems.

Similarly, the system time-varying parameters are considered to be confined to a polytopic
region A C R™. In this case, X x A is also a polytopic region, and since A,(),Qy (),
Cz,(+), v €1y, Cy(-), and Cy,(-) are matrices of affine functions with respect to (xx, &),
they belong to polytopes of matrices that can be compactly represented as convex combinations
of Ny vertices in X and Nj vertices in A, such that

Ny N5

M(xk, 5k) = Z Z “x(i)kles(l)kMil’ (2.12)
i=11=1

where M(xy, dx) represents any matrix in (2.3), M;; represents the value of system matrices in
each i-th, I-th vertex in X’ and A, respectively, and Qs K5, € A1, with Aq being the unitary
simplex. Figure 2.3 illustrates this idea, for the case of an one-dimensional system with a scalar

time-varying parameter.

M,

Figure 2.3 — Example of polytopic region X x A for an one-dimensional system with
time-varying parameter.

As it is shown in the next example, the normalized vectors ay, and &g, can be obtained

using a polytopic decomposition that consists of multiplying among themselves the elements
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resulting from the Cartesian products

q)x = ,Bxlk X ‘Bka... X "'ﬁxnxk’
D5 = Bk X Bogk -+ X -+ Ba, ks

T T
where B, = [5xj(1)k ;ij(Z)k] and B,k = [ﬁém(l)k Bsn2)k| » with

Xk — X(j)k Xk — Xk
:Bx'lk:——/ ;Bx»zk:——l ]GIx/
O e —xge TIET T = 2 "
S — 0 Sy — &
(m)k (m)k (m)k — S(m)k
‘B m == 4 ;B m = = ’ me In 7
(DK O(m)k — S(mk (2 O(m)k — O(m)k '

with X ;) and E(m)k the maximum values, and x;); and 0(;)x the minimum values, of x(;)
and J,,)x, respectively.

Example 2.4. Consider the following matrix and polytopic regions X and A

X )
M(xy, 0) = [ (LK mk] ,
x(Z)k 1

X = {xk € R™ : |x(1)] < 0.9 and [x (] < 0.5},

and
A= {6 €R™:0 <5, <08}
This hypothetical matrix can be represented as in (2.12) with
(09 0 (09 0 (09 0 0.9 0
My = , My = , Mz = , My = ,
105 1] 27 05 1] 7 los 1] 7 os 1]

—09 08 09 08 09 0.8 (09 0.8
My, = My =  May = My = .
am | 1] . ] . ] o= o 1]

For x(1)x = 0.9, x)r = 0.25, and §(1), = 0.64, using the polytopic decomposition
described previously, we have

By (1)kBay (1)k 0
0 0.25 Bri@kBx)k| _ 025

e [ b [ e it o
ak = g Prk = oe C | BurBo )k 0
Bxi(2)kBxy2)k 075
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and -
ng = 02 08| .

Thus, by (2.12) it is obtained the following result, which is the same as that obtained
by applying the given matrix M(xy, &) directly

1

4
09 0.64
M (xy, 6k) = :ll;"‘x(i)k”(!)kM” B [0.25 1 ] '



Part 11

Novel stabilization conditions using parameter-dependent Lyapunov functions
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3 PRELIMINARIES FOR PART II

This chapter presents relevant concepts and the main problems addressed in this part
of the research. In Section 3.1, it is shown how Lyapunov theory can be applied in the
development of synthesis conditions for regional stabilization, by using parameter-dependent
Lyapunov functions. Afterwards, the main approaches used in the literature to describe input
saturation are presented in Section 3.2. In Section 3.3, the problems addressed in this part of

the investigation are summarized.

3.1 Regional stabilization and parameter-dependent Lyapunov function

As previously stated, this part of the research is concerned with the development of
LMI based conditions to obtain nonlinear gain-scheduled controllers that will provide robust
stabilization for nonlinear systems described in a DAR form, by using parameter-dependent

Lyapunov functions.

To achieve the main purpose of this investigation, the following Lyapunov function

candidate is considered:

V(xk, 5]() = x,jPil(ék)xk, (31)
where
N;
P(&) =) a5, P, =P >0, a5 €A (3.2)
I=1

Initially, two main problems are studied, which are described below.

3.1.1 Domain-of-Attraction estimation

As previously discussed, in the context of nonlinear systems, generally it is possible to
guarantee only the regional stability of the system. Therefore, it is important to consider the

concept of Domain-of-Attraction (DoA).

Definition 3.1 (Domain-of-Attraction (DoA)). For a given autonomous system (2.1), i.e.
with up = 0 and wy = 0, the DoA is a positively invariant region around an equilibrium point
such that, for every xq inside it and &, € A, the trajectory x; asymptotically converges to the

equilibrium point.
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Figure 3.1 illustrates the concept of DoA, using a 2D system as example. An important
problem in control theory is to provide synthesis conditions to regional stabilization of the

resulting autonomous closed-loop system while aiming to attain the largest estimated DoA.

Figure 3.1 — Example of estimated DoA (black solid line) for a 2D system with two state
trajectories. The trajectory in blue dashed line starts at the boundary of
the DoA and converges to the origin. On the other hand, the trajectory in
magenta dashed line starts outside DoA and diverges.

Finding the exact DoA is usually very challenging. Alternatively, from Lyapunov theory,
it is possible to consider an estimate of the DoA using Lyapunov function level surfaces [3].
Without loss of generality, consider the state-space origin to be an equilibrium point of the
autonomous (ux = 0 and wy = 0) system (2.1), which is inside the following normalized level

set associated with the Lyapunov function candidate (3.1):

Epon = {xk € R™ : V(xk, 5k) <1, Vo€ A} . (3.3)

According to Jungers & Castelan [89], the level set (3.3) associated with the function
(3.1) is defined as the intersection of the ellipsoids £ <Pl_1,1>, with

E(Pt1) = {m e R i P <1}

An alternative to find the largest DoA is to define an ellipsoid contained in this

intersection region, i.e.,

€ <Q71,1) C Epoa, (3.4)

with £ (Q71,1) = {xx € R"™ : x] Q 1x; <1}, such that to maximize the volume of
E (Q_l,l) corresponds to maximize the estimated DoA. Figures 3.2 and 3.3 depict a simple

example to illustrate these ideas.
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Figure 3.3 — Example of an ellipsoid in the intersection region £ (Q_l,l) C Epoa-

According to Boyd & Vandenberghe [90, Chapter 5], the largest volume of £ (Q_l, 1)
can be obtained maximizing the objective function log(det(Q)), as it is a log-concave function,
and the volume of the ellipsoid is proportional to (def(Q))Z. In the next chapter, we will

present the conditions obtained in the proposed approaches, giving more details about this

methodology.

3.1.2 /,-Performance

In Control Theory, another important problem is to provide synthesis conditions to

ensure input-to-state stability and worst-case input-to-output performance by minimizing the

induced /»-gain from the disturbance input to the performance output.
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Definition 3.2 (/,-performance). Considering xo = 0 and wy € VW, an upper-bound for the

{>-gain from the disturbance wy. to the output zj is smaller or equal to v when ||z||, < v [|w]],.

For this case, consider the level set associated with the function (3.1) defined by

Ey = {xk ER™ : V (xy,8) <A, Vo € A} ’ (3.5)

where A is the positive scalar defining the bound of W in (2.2).

Lemma 3.1 (adapted from Klug, Castelan & Coutinho [19]). The unforced system (2.1), with
xog = 0, is locally input-to-state stable and there exists an upper bound 7y on the {>-gain from

wy to zy if

1
AV, + ?z;zk — wkka <0 (3.6)
holds Vx;. € SV,Vék € A, and w, € W, where AV}, = V(ka,(SkH) — V(xk, (5k)-

Proof. If (3.6) holds for all x; € &), € A and wy € W, then for k > 0, since

Y AV = V(xg 6p) — V(xo,60),

the following inequality is satisfied

k-1

V(xg, 05) — V(x0,0) + 72 Z Z}Zk — Z wiwy < 0, (3.7)
k=0

which implies that:

a) If wy =0, then AV} < —'y_zz,’czk < 0, and therefore £y, is a contractive positively
invariant set which ensures that for xo € £y, xx — 0, when k — oo;

b) If xp = 0 and wy € W, then V(x,, &) < YE-!|lwe],2 < AL Vk > 0, which
guarantees that the trajectories of the system do not leave £y; and ||z||, < v ||w]|,,
by taking k — oo. Besides that, if wy = 0, Yk > k, from the previously analysis,
xx — 0, when k — oo.

O
Figure 3.4 illustrates this idea. From Lemma 3.1 it is possible to obtain synthesis

conditions, relating the system stabilization region to the admissible energy-bounded disturbance,

in the case of zero initial conditions.
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Figure 3.4 — Example of a region &) (blue solid line) for a 2D system with a state
trajectory (blue dashed line), starting at the origin, changing over time inside
the region &y, and returning to the initial condition after the disturbance
ends.

Similarly to the previous discussion, considering the Lyapunov function candidate in
(3.1), one has

-1 51
&= S(Pl A ) (3.8)
ZE{L...N(;}
with £ <Pl_1,A_1> = {xk € R : x,jPl_lxk < A‘l}. In this case, the convex optimization
problem for controller synthesis can be structured in a more direct way, aiming to minimize the

upper-bound for the ¢;-gain (7).

Remark 3.1. Note that, in both cases, it is necessary to additionally consider that £y, and
Epoa satisfy S(Pl_l,/\_l) C X and E(Pl_l,l) C X, respectively, forl =1,...,Ns. Thus,
as shown in Figure 3.5, the level sets (3.3) and (3.5) associated with the Lyapunov function
(3.1) will be constrained in the region X, which is defined by (2.11).

3.2 Defining the control law and incorporating control input saturation

In addition to the problems described in Section 3.1, in this part of the research, we
have included in the proposed stabilization conditions information about the control input

saturation, while dealing with SF control design. Therefore, system (2.1) is rewritten as

Xkr1 = f(xk, Ok) + g(xx, Ok )sat(ug) + h(xy, O )wy,

(3.9)
zk = f2(Xk, O) + gz (xk, O )sat (ug) + hz (xg, O )wy,
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Figure 3.5 — Example of inclusion £ C X. Depending on the context, £ represents the
regions &y or Epoa-

where the saturation function sat(uy) = [sat(u(l)k) sat(up)r) - sat(u(nu)k)] e R™
corresponds to

sat (u(s)k> := sign <u(s)k> min { ‘u(s)k ,uo(s)} , s&ly,

such that 1) is the maximum absolute value of 1 4.

Considering Assumptions 2.1 and 2.2, we can also represent this system in the following
DAR form:

Xer1 = A1(xg, O ) xx + An(xk, O ) 7t + As(x, Oy ) sat(ug) + Ag(xg, O )wy,
0 = O (xg, ) xx + Qo (xk, Ok ) 71 + Q3(xx, Ok ) sat(uy) + Qg (xg, Ok )wy, (3.10)
zg = Czy (X, Ok ) Xk + Coy (X, Ok ) 7tk + Coy (i, Jg) sat(uy) + Cz, (xx, Ok ) wi,
with the system matrices as described previously.

For the stabilization of the DAR model (3.10), the following nonlinear control law is
proposed:

g = K(xg, 6) G~ (xk, 61) xk + R, 6) N~ (e, ) 71, (3.11)
with K(xk,ék) € RM>Mx G(xk,(Sk) € RM>Mx R(xk,(Sk) € R™>"m and N(xk,ék) S

R"7*"7 matrices to be determined and represented in a polytopic form as in (2.12).

Remark 3.2. It is worth mentioning that it is possible to implement (3.11) in practice only if
7T does not depend on wy, since in many practical situations it is not possible to measure or
estimate the disturbance input in real-time. In this case we must have Q4(xy, 0x) = 0 in (2.3),

as it is possible to infer by analyzing the block diagram presented in Figure 3.6.
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Figure 3.6 — Block diagram of a discrete-time nonlinear system in a DAR form including
the controller dependent on 77y.

Remark 3.3. Note that the proposed control law includes the particular case
U = K(xk, (Sk)G_l(xk, (5k)xk, (3.12)

by considering R(xy, ) = 0. Although control strategy (3.12) is more conservative, it can be
used instead of (3.11) in cases where Q4(xk, ;) # 0 in (3.10).

The input saturation can be described in many different forms [43]. In this investigation,

we consider the polytopic representation of input saturation proposed by Hu & Lin [80].
Lemma 3.2 (Polytopic description of input saturation [80]). Assume that the set
D:={D, e R"*"™ :r e Iy,} (3.13)

is a set of diagonal matrices D, whose diagonal elements are either 0 or 1, such that N,, = 2"+,
Denoting D, = I,, — Dy, one can see that D,” € D. Therefore, given any vector v € R,

whose components satisfy |U(s)k| < Ug(s), Vs € In,, it is always possible to write

u’

sat(uy) € co{Drux + D, v : v € Iy, } - (3.14)
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Note that, from (3.14), the saturated input vector is formed by the convex combination
of uy and vg. The control input 1 is given by (3.11). In the same way, it is necessary to define

the auxiliary vector vy, which could be constructed in a similar form.
By considering
ok = H(xg, 85) G (xk, 66) Xk + S (i, ) N~ (3, 0) 7,

with H(xg, ;) € R"™ ™ and S(xi, dx) € R™*"7 to be determined, from (3.14) it is possible

to represent the input saturation as

sat(uy) = [D(“dk)K(xkr 81)G ™ (xx, 6) + D™ (e ) H (%1, 0) G (g, 5k>} X

(3.15)
+ | D@ R (xk, 5N " (x5, 6) + D™ (g, ) S (i, 5N~ (v, &%) | 7,
where
Ny Ny
D(Ocdk) = Z“d(r)kDr’ D_(“dk) = Z (dekDr_, Kg, € VACE (3.16)
r=1 r=1
Replacing (3.15) in (3.10), and considering Q4 (xx,0r) = 0, the closed-loop system is
given by
X1 = AgaXk + Aza i + Aa(xg, 6wy,
0= Mqaxie + Qo 7y, (3.17)
zx = CgyaXx + Coya ik + Czy (Xk, 1) wy,
such that

Mia = My (x, 6k) + Mz(xg, 6) [D(Déd K (xi, 0) + D (g, ) H (xg, 5k)] G (xx, 0,

) R (5 86) + D™ (g )8 (v, ) | N7 (3, 04),

where Mj¢ and M; are placeholders for the matrices Ajc, Qjer, Cgal, T € Io, and, A}, (),

")
My = My (xg, 0k) + M3 (xg, 6k) [D(“d

CZ]., j € 13, respectively.

From this point, it is possible to develop LMI based conditions that provide the
regional stabilization for system (3.9). Notice that, besides the inclusion &€ C X dis-
cussed previously, it is necessary to ensure that |vi| < Up(s), Vs € Iy, for all &y
or Epoa, so that Lemma 3.2 can be applied. Figure 3.7 illustrates this inclusion, where
U:= {xk € R™ : ol < ups), Vo €A, s € Inu}

Remark 3.4. Due to the convex combination described in the Lemma 3.2, the use of polytopic
representation generates 2"t [ Mls to be considered in the control design, which could be
prohibitive in some cases. Alternatively, one can use the approach based on a sector nonlinearity
model presented in Tarbouriech et al. [43]. In this case, it is necessary to include in the system
representation an extra auxiliary vector related to the dead-zone nonlinearity P (uy). As a
result, the number of rows and columns of the LMIs increases proportionally with the number

of control inputs.
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Figure 3.7 — Example of inclusions £ C X and £ C U. Depending on the context, £
represents the regions £y or Eppa.

3.3 Problem statement

This chapter has presented foundational elements that are relevant for this work. They
are related to the use of parameter-dependent Lyapunov functions for the synthesis of SF
nonlinear controllers based on DAR, while taking into consideration the saturation of the
control input. In light of the previous discussions, the initial part of this research is particularly

concerned with proposing sufficient conditions to solve the following control problems.

Problem 3.1 (Input-to-output performance). Consider system (3.9) in a DAR form (3.10),
for w, € W. Design a controller (3.11) that minimizes an upper-bound -y for the {>-gain
from the disturbance wy to the performance output z, for xo = 0, and also ensures that
system states x; remain bounded in Ey for all k > 0. Moreover, if there exists k > 0 such
that w, = 0,Vk > k, then xr — 0, when k — oo.

Problem 3.2 (Domain-of-attraction estimation). Consider system (3.9) in a DAR form (3.10),
for xg € Epoa and wy = 0,Yk > 0. Design a controller as in (3.11) such that Ep,a C
X, Vo, € A is as large as possible, and Ep,4 is a positively invariant set for the closed-
loop system comprised by (3.10) and (3.11), if Qu(xx,0) = 0, or (3.10) and (3.12), if
Oy (xg, 0) # 0.
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4 STABILIZATION CONDITIONS BASED ON PARAMETER-DEPENDENT
LYAPUNOV FUNCTIONS

This chapter depicts the main results of this part of the research, regarding the proposed
stabilization conditions based on parameter-dependent Lyapunov functions. An analysis of the
computational complexity is provided and numerical examples illustrate the effectiveness of the

proposed methodology.

4.1 Stabilization conditions

In this section, novel stabilization conditions for discrete-time nonlinear systems, consid-

ering all aspects stated previously are presented.

4.1.1 Control input depending on the nonlinearity vector

The first approach proposed in this research was developed using the control law in
(3.11), in which the information about the nonlinearity vector 7ty is taken into account to

compute the control action to be applied to the system.

In Theorem 4.1 it is presented a sufficient condition to synthesize the proposed gain-
scheduled controller (3.11) to stabilize the nonlinear system (3.9) with a guaranteed upper

bound -y for the induced ¢,-gain from w; € W to z.

In the sequel, the two problems considered in this investigation are addressed in two

corollaries:

a) Corollary 4.1 presents the optimization problem used to solve Problem 3.1, from

the stabilization conditions presented in Theorem 4.1;

b) Corollary 4.2 proposes a modification in the conditions of Theorem 4.1 to solve
Problem 3.2.

Theorem 4.1. Consider system (3.10), on page 39, with Q4 (xy, ) = 0, and wy, € W for a
given scalar A > 0, following Assumption 2.2 on page 24. If there exist a positive scalar y, a
symmetric matrix P(J;) € R™*"x and matrices G(x,d;) € R™ ™ K(xi,0;) € R,
H(xy, &) € R™¥, R(xy, 8) € R™Mn, S(xy,8) € R™¥" and N(xy, 6;) € Ri<x,
satisfying the following inequalities, ¥, € A and Vx, € X:

Al * * * *
A PG e
Y(xe, O i a,) = | AL AL, Al * * <0, (4.1)
0 Aj(xt,é) 0 — I, *
| Ay 0 Asy Coy(x,0k)  —pln, ]
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He {Qz(xk, (5k)N(xk, (Sk)} <0, (4.2)
Aug(s) * *
H(TS)(xk, ‘Sk) He {G(xk, (Sk)} - P((Sk) * >0, sec Im,r (43)
S (s (%, 0k) B3, B
and
T /\ * 2 0/ [4 6 :Z'.ngl (44)
G (xk, 5k)ay He {G(xk, 5]()} — P((Sk)
where

Afp = —He {G(xt, &)} + P(5),

Ay = A1(x1,86) G (3, 8) + Aa (¥, ) [ D@, )K (31 8¢) + D™ (g, ) H (%, 06) |,
A3y = O (xk, 6) G (%, 8) + Q3 (i, 6) [D(“d<,)k)K(xk/ o) + D_(“d<,)k)H(xk,5k)] ,
A3y = Cs, (%, 60) G (xk, 6) + Coy (1, 5¢) [D(“d<,)k)K(xk/ o) + D_(D‘d(,)k)H(xk/ék)} ,
Al = N (xk, 6) Ag (%, 6) + [RT(xkf5k)D(D¢d,k) + ST(xkf5k)D7("‘d,k)} A3 (%, 6),

Aly= He {0 (xi, 5N (¢, &) + Qa3 G) [ Dlwa,, )R (xk, 66) + D™ (g, )S (31, 00)]| }
Al = Cay (3, 6N (xi 8¢) + Cay (¥, ) [ D@ )R (31 8¢) + D™ ()8 (3, 8) |
Bly = — 01 (xk, 8)G (xk, 86) — Q3 (. 6) [D(@a,, K (%, 8) + D~ (wa, )H (¥, 66) |

B3 = —He {QZ(xkr5k)N(xkr5k> + Q3 (xx, 0k ) [D(D‘d(,>k)R(xkr ) + D™ (aq,,)S (xk, ‘Sk)} } ,

then there exist a parameter-dependent Lyapunov function (3.1) and a controller (3.11)
such that, for zero initial conditions (xo = 0), X remains bounded in £y and ||z||, <
v lwll,, Vwg € W, with v = \/Hi. Moreover, if there exists k > 0 such that wy = 0,k > k,
then x, — 0,k — oo.

Proof. By using the property that

[G(xk, 8k) — P(5)] " P~Y(6k) [G(xx, 6) — P(8)] > 0 =
G (xk, 6k) P~ (6k) G (xx, &) > He {G(xy, 6k)} — P(5), (4.5)

if inequality (4.1) holds, then it can be rewritten with A}, = —GT (xy, 6) P71 (8) G (xx, 6k).

From the feasibility of A1, < 0 in (4.1) and inequality (4.2), and since O (xy, &)
is a square full-rank matrix, matrices G(xg, dx) and N(xg, dx) must be invertible. Thus,
one can apply a congruence transformation pre- and post-multiplying inequality (4.1) by
diag{G’T(xk, 5k), P~ (6141), N~ T (xx, 6¢), In,,, I, } and its transpose, respectively, to obtain
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A% * * * *

R S CNEY B * *

Ay A A * * <0,

0 A, 0 —In, *
| A 0 Afy Coy(oi,0)  —pln, |

Ay = —P7 (&), Ay = He {N"7 (1,802 }
A3y = P (0ki1)Ava, A = Af (xk, 6P (6k11),
A% = N~ (x, 6) Qe A4 =Cpa,
A% = Aga P (6k11), A% = Cppar.

Applying the Schur complement [91] and choosing u = 2, the above inequality can
be recast as:

E1+LE+E LT +97 %855 <0, (4.6)
where
0 P (641 0 o]
E :dia _P_15 /P_l 5 /0 I_I w 4 L: k+1 ’
1 g{ (%) (9-1), On n“} 0 0 N~ (xg, 6) 0

—
\:‘2:

3 = _Czlcl 0 Cpha Cz4(xk,(5k)]-

Ata —In, Asa  As(xg, )
Qlcl 0 Qch 0 '

Pre- and post-multiplying (4.6) by [ka x];rH 7'(I;r wl—{r] and its transpose results in

(3.6), in Lemma 3.1 (page 37). This proves that if the condition (4.1) is feasible, then V (xy, ox)
is a Lyapunov function and the controller (3.11) ensures that for zero initial conditions, the
origin of the closed-loop system is locally input-to-output stable with an upper bound y on the
lr-gain from wy to zx, Vxp € X,V € A and wy € W.

Using the property (4.5) and multiplying (4.3) by diag{1, G~ ' (xx, &), N~ (xk, &)}

on the left and its transpose on the right, followed by the Schur complement, we obtain

—P~1 () O/ N~ (xx, 6)

YToY +
* He {N~ " (xk, 6) Qa1 }

<0,

with o =1 /Aug(s) and Y = [H(S)(xk, 5)G (%, 8k) Sy (ks O) N1y, (5k)] :

Pre- and post-multiplying the above inequality, respectively, by [x,j n,j} and its
transpose lead to:
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Ugg)k()‘u%(s))ilv(s)k —x{ P (80)x < 0.
Considering the S-procedure [58] we have U(Ts)kv(s)k < ug(s), V(xg, 6k): x) P7H(0)xy <
AL or [0(s)| < tg(s), Vax € Ey. Thus, & C U and Lemma 3.2 (page 40) is satisfied.

Using again the property (4.5), multiplying (4.4) by diag{1, G (xt, &)} on the left

and its transpose on the right, and applying the Schur complement we have

a,A"ta) —P7L(5) <.

Then, multiplying the last inequality by ka on the left and x; on the right and considering
the S-procedure leads to x; ayay xp < 1, Vg : x] P71(6)xx < A™L Thus, |ag x| < 1,
Vo € Z,,, Vxx € Ey. This proves the inclusion &) C X', which concludes the proof. ]

Notice that the proposed control law involves the vector of nonlinearities 71, which can

also be a function of the control input uy, in the case where Q3(xy, &) # 0.

From the closed-loop system model in (3.17), one has that (dependency with (xy, ;)
was dropped for clarity purposes)

-1

7= — [0+ 03 (DR+D™S) N1 [0+ 03 (DK+ D H) 6] . (47)

Replacing (4.7) in the expression (3.11) for the control law results in
-1
w = KG ™l — RN7! [0 4+ 03 (DR+D7S) N~ | [0+ 03 (DK+DH) G| x,

Thus, it is possible to compute uy, if G, N, and Q) + Q3 (DR + D‘S)N_1 are

nonsingular.

It was pointed out that for the feasibility of conditions (4.1) and (4.2), matrices G and

N must be invertible.

Moreover, from AL, < 0 in (4.1), one has that

He {,N + Q3 (DR+D~S)} <0,

So, one can apply a congruence transformation pre- and post-multiplying this inequality

by N~T and N~1, respectively, to obtain

He {N"" [0, + 03 (DR+D~5) N[ } <.

Since N is full rank, matrix Qy + Q3 (DR + D~S) N~! must also be nonsingular so

that the above condition is satisfied.
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In this sense, if conditions in Theorem 4.1 are ensured, then it is possible to write 1

as a function of the states x; and time-varying parameters ;. only, even for the case where

03(xk/ 51() 7é 0.

Remark 4.1. In this investigation, the DAR (3.10) is considered to exhibit arbitrary variation
rates for the time-varying parameters, as long as both 0y, 0.1 € A. Thus, by defining

= i, ., one can write that

&5 (n)k

(Dk+1

Nj
P(0ki1) = Y aa,, P Po =P/ >0, ap € Ay (4.8)
n=1

Alternatively, to obtain less conservative results, one can assume that the rates of
variation of the parameters are bounded, which increases the complexity of developments (see
for instance [32]).

Notice that, the use of a parameter-dependent Lyapunov function candidate can bring
less conservative results, and the proposed approach includes the quadratic stabilizability
conditions when P(&) = P(Jk1) = P is a special case. On the other hand, to further reduce
the design conservativeness, it is also possible to consider the Lyapunov matrix P(xy, d;) with
affine functions on (xi, d;). However, in this case, the polytope related to (xj,1) must be

considered, increasing the complexity and computational burden.

The following Corollaries 4.1 and 4.2 are used to solve Problems 3.1 and 3.2, stated at
the end of Chapter 3. In the next Corollary, Theorem 4.1 can be used to solve Problem 3.1 as

described previously.

Corollary 4.1. For a given disturbance energy level A=Y, the upper-bound y for the ¢5-
gain from wy to zj can be minimized solving the following optimization problem for all
O €A and x; € X:

min bject to (4.1) — (4.4). 4.9
%P,G,K,H,R,S,N‘M subject to (4.1) — (4.4) (4.9)

In the next Corollary, Theorem 4.1 can also be adapted to solve Problem 3.2.

Corollary 4.2. Consider system (3.10), with w, = O and disregard the influence of the
disturbance input by removing the fourth and fifth rows and columns of ¥ (x, 0k, Og41, 4, )
(in Theorem 4.1), and consider A =1 in (4.3) and (4.4).

If there exist symmetric matrices Q € R"™*"x P(4) € R"™*"x and matrices
G(xk,cSk) € R™ XM, K(xk,ék) € R"™*"x H(xk,ék) € RM>Mx R(xk,(Sk) € RM*nr,
S(x, 6x) € R"™*"w and N(xi,0,) € R"#*"n  satisfying the following optimization problem
for all 6, € A and x; € X:

1 det bject to (4.1) — (4.4), 4.10
L og(det(Q)) subject to (4.1)— (4.4) (4.10)
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with
Q—-P <0, L€ INJ, (4.11)

then there exist a Lyapunov function (3.1) and a controller (3.11) such that, Vx;(0) inside
Epoa and 0, € A, the trajectory of xj converge to the origin when k — oo and Ep, 4 is an
estimate of the DoA.

Proof. The inequality (4.11) ensures that £ (Q!,1) C Epya and the rest of the proof follows

in a straightforward way as in the proof of Theorem 4.1. O

4.1.2 Control input not depending on the nonlinearity vector

The stabilization conditions for the synthesis of controller (3.12), on page 40, which do
not incorporate the nonlinearity vector 7t;, must be obtained in a similar way as in Theorem 4.1.
In this case the auxiliary vector v, used in the polytopic description of input saturation,

presented in Lemma 3.2 (page 40), should be considered as

U = H(xk,cSk)G_l(xk,ék)xk. (4.12)

Theorem 4.2, in the sequel, presents a sufficient stabilization condition to stabilize the
nonlinear system (3.9) with a guaranteed upper bound <y for the induced ¢>-gain from wy € W

to zg, by relying on the use of controller (3.12), repeated here for convenience:

g = K(xg, 0) G (xk, 6k) X

Theorem 4.2. Consider system (3.10), on page 39, with wy, € W for a given scalar A > 0,
following Assumption 2.2 on page 24. If there exist a positive scalar yt, a symmetric matrix
P(5k) € R™*"x and matrices N(xk, (Sk) € R"'nxMr, G(xk, 5k) € R™ XM K(xk, 5k) €
R"™ " H(xy, &) € R™*"x satisfying the following inequalities for all 6, € A and x;, € X':

[ ./411 * * * |
Az —P(dk41) * *
T'(xk, Ok, Ok+1, “dk) = | Az Az Az * <0, (4.13)
0 A (xt,6) Q) (xx,6k) —1I *
| Asi 0 As3 Coy(x,6)  —pl |
Mg - >0, sel,, (4.14)

H;, (x,0r)  He {G(xk, o)} — P(6)

and
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A *
. >0, veET,, (4.15)
G (xk, 5k)ay He {G(xk, 5]()} — P((Sk)

where

A = —He{G(xk, 6)} + P(),
Az1 = Ax(xk, 0x) G(xk, k) + As(xx, Ok) [D(“d(,)k)K(xk/ J) + D™ (g, ) H(x, 5k)} ,
Az = O (xg, ) G(xx, 0k ) + Qa3 (xx, 0k ) [D(”‘dm
As1 = Cz, (xx, 6k) G(xk, k) + Czy (xk, %) [D(“d(,)kﬂ((xk/ k) + Di(‘xd(,)k)H(xkr‘Sk)} ,
Asg = N (x4, 80) A7 (xk, 6%),

Asz = He {0 (xk, )N (xx, 6¢) },

Asz = Cz, (x, 0k)N (x, k)

K (xx, 6) + D_(“d(,)k)H(xk/ék)} ,

then there exist a parameter-dependent Lyapunov function (3.1) and a controller (3.12)
such that, for zero initial conditions (xo = 0), xy remains bounded in &y and ||z||, <
v lwll,, Vwg € W, with v = \/li. Moreover, if there exists k > 0 such that wy = 0,Vk > k,
then x; — 0, k — oo.

Proof. The proof of Theorem 4.2 follows in a straightforward way as in the proof of Theorem 4.1,
considering R(xg, 0x) = 0, S(xg, 0x) = 0, and Qq(xg, ) # 0. It is available in Reis et al. [86],
and omitted here for brevity. m

The following Corollaries 4.3 and 4.4 are introduced to solve Problems 3.1 and 3.2,
stated at the end of Chapter 3, considering the control input (3.12). In the next Corollary,

Theorem 4.1 can be used to solve Problem 3.1 as described previously.

Corollary 4.3. For a given disturbance energy level A\™1, the upper-bound -y for the {»-gain
from wy. to z; can be minimized solving the following optimization problem for all 6, € A and
X € X:

i bject to (4.13) — (4.15). 4.16
L poun, - subjec 0 (4.13) — (4.15) (4.16)
Similarly, the proposed approach can also be adapted to solve Problem 3.2, using the

controller (3.12), as it is stated in the next Corollary.

Corollary 4.4. Consider system (3.10), with wy = O and disregard the influence of the
disturbance input by removing the fourth and fifth rows and columns of T'(xy, Ok, 641, [Xdk) (in
Theorem 4.2) and consider A =1 in (4.14) and (4.15).

If there exist symmetric matrices Q € R™*"x P(é) € R"™*"  and matrices
G(xk,ék) € IR”XX”X,K(xk,(Sk) € R™Mu>"x, H(xk,ék) € R"™*"x and N(xk,ék) S ]Rnnxnn,
satisfying the following optimization problem for all 6, € A and x; € X:
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log (det bject to (4.13) — (4.1 4.17
o p0ax log(det(Q)) - subject to (4.13)— (4.15), (4.17)

with
Q-P <0, leln,, (4.18)

then there exist a Lyapunov function (3.1) and a controller (3.12) such that, ¥x;(0) inside
Epoa and 0 € A, the trajectory of x; converge to the origin when k — oo and Ep, 4 is an
estimate of the DoA.

The proofs of Corollaries 4.3 and 4.4 follow the proofs of Theorems 4.2 and Corollary 4.2,

as described previously.

4.2 LMI relaxations

Note that the proposed stabilization conditions are supposed to be polynomially depen-
dent on (xy, J, (5k+1,“dk)- Thus, the problem is of infinite dimension such that its feasibility is
not computationally tractable. However, since it is possible to use the multi-simplex framework
based on (2.12), on page 30, (3.2), on page 34, (3.16), on page 41, and (4.8), on page 47, a
finite set of LMIs in terms of the vertices of the polytopes X', A, and D can be obtained, as

follows.

Lemma 4.1 (LMI relaxation (adapted from Wang, Tanaka & Griffin [92])). Suppose ‘Yzjlm’
withi,j € In,,I,m,n € In,, and r € Ly, are matrices of appropriate dimensions, such that

Ny No Nx Ny N(S No

1]Er(xk/ Ok, 5k+1/“dk 2 Z Z Z Z Z X 1]lm (419)

r=1n=1i=1j=11=1m=

with o = ag, QA Ky, By, 05

(1 oy O 1)1 X )1 X0 ) X6

Dk (m)k”

If the following LMIs hold for all i,j € Iy, I,m,n € In; and r € Iy,

zzll<0 l_]/l_m

m Y <0, i<, [ =m,

(4.20)
+‘Fllml < O, l:], I < m,

zzlm

1]lm +Tz]ml +T]11m _’_‘P]zml <0, i< jl I <m,

then inequality (4.19) is satisfied.
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Proof. The hypothetical matrix in (4.19) can be rewritten as

Ny N& Ny NJ

2 2
¥ (xk, O Orr a) = 3 Y ) Z“d(r)k“A(n>k“x(i)k“f5(z>k il

r=1n=1i=11=1
N, Ns Ny—1 N, Ns

+ Z Z Z Z Z“d(r)k“A(n)k“x(i)k“x(j)k“z%(l)k <‘Fz]ll +szll>

r=1n=1 i=1 j:i+1l:1
Ny NzS Ny No

+ZZZ Z Z X %D () () X611k %8 i (Yiitm + Vi)

r=1n=1i=1 =1 m= l+1
N, Njs Nx—l N, N;— Njs

+ZZ Z Z Z Z O ) B ()1 Box iy D (i X6 1 X6 <T1]1m+1{[1]ml

r=1n=1 i=1 j=i+1 I=1 m=I+1

+‘F]zlm + 1Fﬂml)

Since ap = 0, if inequalities (4.20) are satisfied, then condition (4.19) is guaranteed®.

]

(Vk

Appendix A depicts a guided proof of Lemma 4.1, exemplifying how the methodology
presented to obtain LMI conditions can be used to computationally handle the proposed

conditions.

4.3 Analysis of the computational complexity

The computational cost of interior-point algorithms used to solve LMI optimization
problems can be estimated in terms of the number of scalar variables (S;) and the number
of LMI rows (L) [93]. According to [93], these methods have a polynomial-time complexity,
which is proportional to (L,S3). Therefore, several recent works in the literature use these

parameters to analyze the computational complexity of LMI conditions [94, 46].

Tables 4.1 and 4.2 show the computational complexity of the proposed approaches in
terms of the number of scalar variables and the number of LMI rows, which are related to
the dimension of the state, time-varying parameter, control input, performance output, and

nonlinearity vector.

Remark 4.2. Although the conditions seem to be involved in terms of the number of scalar
variables and LMI rows, it is worth emphasizing that the proposed Theorems and Corollaries
are associated with non-iterative algorithms, leading to less computational effort in solving
the problems addressed. The computational burden can also be decreased if we consider the
variable matrices of the optimization problems not dependent on (xy,d;). However, it can
provide conservative results. Besides that, it is worth emphasizing that the controller project is

off-line, and the computational cost is not a problem in its practical implementation.

L' The term LY is a generic remarktion where p represents an index (x,d,A, or,d) used to distinguish

different polytopes.
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Table 4.1 — Computational complexity of LMI conditions to solve Problem 3.1

Corollary 4.1

Sy [”x ("xz—&- 1) + (ngT +n2 4 2nyny + 2nyny) Nx} Ns+1

L, {[(2nx + g4 1y +nz) Ns+ng+ (1+ny +ny)ny <(Nx + 1)(55 + 1)Nu> + (1+ny) ng} NsNy
Corollary 4.3

Sy [”x (”x; 1) + (n% + 02+ 2nyny) Nx} Ns+1

(Nx + 1)(N5 + 1)N14N(5
4

L, [(an+nn+nw+nz) ( ) +(1+7’1x)(i’lu+7’le):| NNy

Table 4.2 — Computational complexity of LMI conditions to solve Problem 3.2

Corollary 4.2

Sy e (”x;‘l) (N5 + 1) + (4 + n2 + 2nyny + 2ny4n7) NeNp

L, {[(an +17) N5+ ng + (14 nyx + ng) ny| ((Nx + 1)(55 + I)N”) + (14 ny) ne} N;Ny + n,Ns
Corollary 4.4

Sy Ny (nx;l) (N5 +1) + (n%+n32(+2nunx) Ny Njs

L, {(an +ng) ( (Nx + 1)(1\2 * 1)N”N‘5) + (1 +ny) (n, + ne)} NsNy + nyNj

4.4 Extension to robust control design

The proposed approaches so far have considered, in the system model, the presence
of time-varying parameters (Jy), which are supposed to be exactly known and available for
measurement, and this information is used in the gain-scheduled control strategy, aiming to

achieve less conservative results.

In real-world applications, a more realistic situation is the case where the dynamical
system presents physical parameters that are not precisely known, i.e., the nonlinear system
model includes uncertain parameters whose bounds, in many cases, are known and can be
taken into account in the stabilization conditions. This section shows how it is possible to
extend the proposed methodology, by including uncertain time-varying parameters together

with known time-varying parameters.

Consider the class of uncertain nonlinear systems described by the following DAR, similar

to (3.10), on page 39, but incorporating uncertain parameters:
Xps1 = A1 (xk, 8, 0k)xk + Az (xk, 8, Ok ) 7tk + As(xx, O, 6k ) sat(uy) + Aa(xk, 5, Ox)wi,
0 = O (xk, 6k, 6k)xk + Qo (xx, 8, 6) 71k + Q3(xk, Sk, Ok ) sat(ug) + Qu(xy, &, 6x)wy,  (4.21)
Zf = C21 (xk/ 5k/ 3k)xk + CZz (xk/ 5]{/5]{)7-[]( + CZ3 (xk/ 5]{/5]{) Sat(uk) + CZ4 (xkr (skrgk)wk/
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where 71y := 71(xy, Ok, Ok, sat(uy ), wx) € R™  is an auxiliary vector of nonlinear functions with
respect to (X, 0, 6x) and affine on (sat(uy)) and (wy), 6y € A C R’ is the vector of
parametric uncertainties, which is not precisely known. All system matrices are affine functions
of (xx, O, 6x) with appropriate dimensions, such that O (xy, Jk, 0x) is a square full-rank matrix
for all (xi,J,65) € X x A x A.

Since X x A x A is a polytopic region and A,(+), Oy (+), and Cy,(+), v € Iy, are
matrices of affine functions with respect to (xy, &, Ek), they belong to polytopes of matrices,
i.e., in the case where the polytopes are defined based on upper and lower bounds for each
state and parameter, N, = 2" number of vertices in X', N5 = 2" number of vertices in

and N5 = 2"5 number of vertices in Oy

N N5 3

M(x, 6, 0k) = Z ) Z g(o)kMilo, (4.22)

i=11=10=1

where M(xy, 0, 5x) represents any matrix in (4.21), M;;, represents the value of system
matrices in each i-th, I-th, o-th vertex in X', A and A, respectively and Wxyr X5y K5, € A,

In this case, the following Lyapunov function candidate is considered:

V(xk, 5k13k) = kaP_l((Sk,Ek)xk, (4.23)
with
N; N5
P(6k, 0) = ) Za(slk%( Py, P, =P/ >0. (4.24)
I=10=1

Thus, the level set associated with (4.23) could be defined by
Ey = {xk € R™ : V (xt, 0k, 0k) <AL, Vo € A and Vo; € Z}, (4.25)

where A is a positive scalar defining the bound of W in (2.2).

For simplicity, we will consider in the next development only the synthesis conditions
for the control law (3.12), on page 40, that does not make use of the vector of nonlinearities
7T,. Hence, the following Theorem provides sufficient conditions to robustly stabilize uncertain

discrete-time nonlinear systems, described in the DAR form (4.21).

Theorem 4.3. Consider system (4.21) with w, € W and a given scalar A > 0. If there
exist a positive scalar u, a symmetric matrix P (5, 8;) € R™>"™ and matrices G(x,0) €
R™> K (xy, 6¢) € R H(xy,6) € R™*"x and N(xy, 6, 6;) € R'*" satisfying
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the following inequalities for all 5, € A, 6 € A, and x € X :

[ All * * * 1
o A21 _P((Sk-i-llgk-‘rl) * *
Y (X, O, k41, Ok Okt1 “dk) = | Az A3z Ass * <0,
0 AI(xk, 5kr$k) Ql(xk, 5k/$k) —1I *
i As1 0 As3 Asy  —pl i
(4.26)
Au? *
L o) _ | >0 sez,, (4.27)
H(S)(xk, 5k) He {G(xk, (Sk)} — P((Sk, 5k)
and
A
. * _ >0, vez,, (4.28)
G (xp,6)a, He {G(xp,6)} — P(6¢, 8¢
where

A = —He {G(x, 6) } + P(6, 6x),

Aoy = A1 (3,81, 5) G (3, G) + Aa (¥, Be) [ D(#a,, K (%, 86) + D™ (wa, ) H (X, 66) |
Ast = O (xx, 6, 0k) G (x, 0k) + 3 (xk, G, O [D(“d(,>k)K(xkr O) + D (aq,, ) H(xp, 5k)} ,
As1 = Czy (xx, 8, 05) G (x, 8) + Cay (X, O, ) {D(“d(r)k)K(xkr ) + D™ (g, ) H(x, 5k)} ,
Asy = N (xk, 60, 00) Ay (x1, 60, 0%),  Ass = He {Qa(xx, 6k, 6 )N (x, 8, 5) }
Asz = Cz, (xk, 0, 61 )N (xx, 01, Ok, Asy = Czy(xg, 0, 0p)-

then there exist a Lyapunov function (4.23) and a controller (3.12) such that, for zero initial
conditions (xo = 0), xx remains bounded in &y and |z|, < v|w|,,Ywr € W, with
%I

v = /- Moreover, if there exists k > 0 such that wy, = 0, Yk > k, then x; — 0, k — oco.

Proof. Theorem 4.3 is obtained directly from Theorem 4.2 by incorporating the information
about the parametric uncertainties in system matrices, Lyapunov function, and auxiliary decision

variables. O

The following Corollaries 4.5 and 4.6 are used to solve Problems 3.1 and 3.2, stated at
the end of Chapter 3, considering the uncertain nonlinear system described by (4.21).

In the next Corollary, Theorem 4.3 can be used to solve Problem 3.1 as described

previously.

Corollary 4.5. For a given disturbance energy level A=Y, the upper-bound -y for the ¢-
gain from wj to zy can be minimized solving the following optimization problem for all
o € A,Sk GZandxk e X:

PIg]lié’lKH‘M subject to (4.26) — (4.28). (4.29)
HAIN,GK,

In the next Corollary, Theorem 4.3 can also be adapted to solve Problem 3.2.
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Corollary 4.6. Consider system (4.21), with the disturbance input wy = 0. Taking into account
the normalized DoA: Epoa = {xk eR™:V (xk, 5k,3k) <1, Vo, € A and V5 € Z}, an
alternative to find the largest DoA is to consider the following subset of Epya:

e(ert)c N oe(rta), (4.30)
I e IN&’ 0 € INE
Now, disregard the influence of the disturbance input by removing the fourth and fifth

rows and columns of Y (xy, o, 5k+1/5k13k+1/0‘dk) (in Theorem 4.3) and consider A = 1 in
(4.27) and (4.28).

If there exist symmetric matrices Q € IR"x*"x P ((5k, Ek) € R™ " and matrices
N (xk,dk,gk) < annxnn,G(xk,ék) c ]Rnxxnx’K(xk,(Sk,) < ]RH”XHX,H(xk,5k) € R
satisfying the following optimization problem for all 8, € A, 6, € A, and xx € X :

1 bject to (4.26) — (4.28). 431
0P i og(det(Q)) subject to (4.26) — (4.28) (4.31)

with

Q—P,<0, le ZNé, 0 € INE’ (4.32)

then there exist a Lyapunov function (4.23) and a controller (3.12) such that, Vx(0) inside
Epoa, O € A and 8, € A, the trajectory of xj converge to the origin when k — oo and Epya

is an estimate of the DoA.

Proof. The inequality (4.32) ensures that (4.30) holds. The rest of the proof follows in a
straightforward way as in the proof of Theorem 4.3. [

Similarly to the case without uncertain time-varying parameters, despite the conditions
in Theorem 4.3 are of infinite dimension, it is possible to use the multi-simplex framework
based on (2.12), on page 30, (3.16), on page 41, (4.22), and (4.24) to obtain a finite set of
LMIs in terms of the vertices of the polytopes X', A, D, and A, as described in Appendix A.2.

Remark 4.3. This section showed how the proposed methodology could be adapted to provide
robust stabilization conditions to design controller (3.12). Similarly, it is possible to obtain
robust stabilization conditions considering the control law (3.11), on page 39, which include
information about the nonlinearity vector. However, it is worth emphasizing that in this case,
the nonlinearity vector must be independent of the uncertain parameters 6. Consequently, the

matrices in the algebraic portion of (4.21) must be independent of 5.
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4.5 Numerical examples

In this section, numerical examples are presented to verify the effectiveness of the
proposed methodology. The conditions proposed in this paper were implemented in MATLAB
(R2019) using the parser Yalmip [95] and the solver Mosek [96].

4.5.1 DoA estimate for a polynomial system

Consider the following nonlinear system, without time-varying parameters, borrowed
from Oliveira, Gomes da Silva Jr & Coutinho [12]:

X(1)k+1 = X(2)ks

X (4.33)
X211 = X1k +3¥(yy + X2)k + sat(ug),
which can be recast in a DAR, as in (2.3), such that
01 0 0
2
e (xp) = x5y, A1 = , As(xx) = , Az = ,
k( k) (1)k 1 [ 11 2( k) [3x(1)k 3 1 ] (4.34)

Ql(xk) = [ x(l)k 0 } ’ Qz =-1, Q3 =0.

For uy = 1, as in Oliveira, Gomes da Silva Jr & Coutinho [12], the optimization
problems (4.10) and (4.17) were solved to obtain the largest admissible polytope in state space
and the largest estimated DoA. These results are compared with those from Oliveira, Gomes
da Silva Jr & Coutinho [12] in Table 4.3, which presents the largest estimated DoA obtained
and the computational effort in terms of the number of LMI rows (Lg) and scalar variables

(Sy) required for each methodology.

Table 4.3 — Estimated DoA for system (4.33) with 1y = 1.

Method Polytopic Region (X)) log(det(Q)) So Lg
Theorem 1 in [12] 1)kl < 0.50, [x(p)] < 0.40 -3.6952 12 35
Corollary 4.4 X1k < 0.66, [x(2)| < 0.65 -1.7474 40 180
Corollary 4.2 X1kl < 0.68, [xo)| < 0.67 -1.6616 43 248

The comparison shows that, from the methodologies proposed in this study, it is possible
to obtain a larger estimated ellipsoidal DoA, in comparison with the results presented in Oliveira,

Gomes da Silva Jr & Coutinho [12]. Besides that, a larger estimated DoA is achieved using
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the control law depending on 71y (3.11), synthesized by using Corollary 4.2, instead of using
the control law not depending on 71; (3.12), from conditions stated in Corollary 4.4.

One can see that, using the proposed approaches, the computational complexity in
terms of the number of scalar variables (S;) and the number of LMI rows (L;) increases.
However, it is worth emphasizing that the control design is off-line and the computational
cost is not a problem in its practical implementation. In general, reducing conservativeness is

achieved considering more scalar variables.

Figure 4.1 depicts the largest estimated ellipsoidal DoA from Corollaries 4.2 (blue solid
line) and 4.4 (black dotted line), and the DoA obtained by Oliveira, Gomes da Silva Jr &
Coutinho [12] (red dashed line). The largest value obtained for the objective function is
log(det(Q)) = —1.6616, with X' := {xk € R : [xp)] < 0.68, | < 0.67}, as shown in
Table 4.3.

-06 -04 -0.2 0 02 04 06

Figure 4.1 — Estimated DoAs for system (4.33) from Corollary 4.2 (blue solid line),
Corollary 4.4 (black dotted line), and Theorem 1 in [12] (red dashed line).

From Table 4.3 and Figure 4.1 it is possible to verify that the proposed approaches
provide less conservative results. In Figure 4.2, one can see the estimated DoAs from the
proposed methodologies, with some trajectories initiating inside these regions. Note that all

trajectories starting at the boundary of the DoAs converge to the origin.
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Figure 4.2 — Estimated DoA (blue solid line) and some state trajectories (blue dash line)
for system (4.33). (a) Corollary 4.4 (Controller not dependent on 7tx) (b)
Corollary 4.2 (Controller dependent on 7ty).

Figure 4.3 depicts the trajectories for the closed-loop system from the synthesized con-
trollers, with xg = (0.15, — 0.64) (chosen randomly), and Figure 4.4 shows the corresponding

control input for each case.
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Figure 4.3 — Closed-loop behavior of system (4.33). System states trajectories (a) Corol-
lary 4.4 (Controller not dependent on 7t) (b) Corollary 4.2 (Controller
dependent on 71y).
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Figure 4.4 — Closed-loop behavior of system (4.33). Control input. (a) Corollary 4.4
(Controller not dependent on 7ti) (b) Corollary 4.2 (Controller dependent
on 7).
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Notice from Figure 4.4 that, although the input signal u; exceeds its amplitude bound
ug, the actual control signal applied to the system is sat(u). Nevertheless, the proposed
method guarantees system stability. It is worth emphasizing that the proposed conditions do
not guarantee that input saturation will not occur. However, its effect is incorporated in the

stability analysis by using the approach originally proposed by Hu & Lin [80].

To investigate the influence of the maximum absolute value of the control input on the
results, tests were performed considering different values of 1. Table 4.4 shows the largest

DoA estimated in each case.

Table 4.4 — Estimated DoA for system (4.33) with different values of 1.

Corollary 4.4 Corollary 4.2
U Polytopic Region (X)) Area (Epoa) Polytopic Region (X)) Area (Epoa)
1 |« 1)ky < 0.66, \x(z)k| <065 13113 [x;yl < 068, |x(2)k| <067  1.3687
2 ]x(l)k] Z 081, \x(z)k\ Z081 20611 X1l < 087, \x@)ky “087 23037
3 |X(1)k| < 0. 81 |X(2)k| < 0.81 2.0611 ‘x(l)k| S 100, |X(2)k| < 1.00 3.0640
> ) @) ( @)
(1) (2) ( (2)

el <081, [xul <081 2.0611  [x(py] < 118, [xop] <118 4.3609
10 [xqp| <081, x| <081 20611  [xqyl < 149, x| <149  6.9703

Note that, as the maximum value for the control input increases, it is possible to
obtain a larger estimated DoA. However, from Corollary 4.4 (considering the control law not
depending on 71;), when defining 1y = 2 the maximum bound for the value of the cost function
is reached, i.e., from this point on, even by increasing 1, it was not possible to get a larger
DoA. On the other hand, from Corollary 4.2 (considering the control law depending on i),
this limit was not achieved in the tests performed, where it was considered the maximum value

for the control input up to ug = 10.

Figure 4.5 depicts the largest estimated ellipsoidal DoA for system (4.33) from Corollar-
ies 4.2 (blue solid line) and 4.4 (black dotted line), for 1y = 10. The largest value obtained
for the objective function from Corollary 4.2 is log(det(Q)) = 1.5939, with the states’
bounds defined by &' := { ¢ € R? : |x(1);| < 149, |x(;| <149}, On the other hand, from
Corollary 4.4, it was obtained log(det(Q)) = —0.8429, with the states’ bounds defined by
X = {xk € R?: |xyy] <081, |xy < 0.81}, as shown in Table 4.4.

From these simulations, it is possible to conclude that incorporating the vector of
nonlinearities into the control law can provide considerably less conservative results compared

to results obtained using controllers that rely only on the system'’s state vector.
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Figure 4.5 — Estimated DoAs for system (4.33) from Corollary 4.2 (blue solid line) and
Corollary 4.4 (black dotted line), for ug = 10.

4.5.2 Input-to-Output performance for a polynomial system

Consider the discrete-time nonlinear system with disturbance input from Oliveira, Gomes
da Silva Jr. & Coutinho [61]

X(1)k+1 = X(2)k T 0-22wy,
¥@ks1 = (14 X0 %@k + X2y + 03w + sat(uy), (4.35)
Zk = X(1)k T X2)k-
It is worth emphasizing that in Oliveira, Gomes da Silva Jr. & Coutinho [61] only
stability analysis conditions were considered. Despite this fact, this example is used to illustrate
the effectiveness of the proposed method in the case of energy-bounded disturbance inputs,

without performing any additional comparisons, since a controller design would be necessary
and it cannot be done using the result in Oliveira, Gomes da Silva Jr. & Coutinho [61].

System (4.35) can be recast in a DAR (3.10) such that

0 0.22
, Ay = ,
1 0.3

Ql(Xk)Z_x(l)k 0]/ M =-1 O3=04=0,

T = x%l)k/ Al =

(4.36)

CZ]: 1 1:|, C22:C23:CZ4:0.

Firstly, to verify the largest disturbance energy that the closed-loop system using the

proposed controllers would be able to withstand, tests were carried out in which the optimization



Chapter 4. Stabilization conditions based on parameter-dependent Lyapunov functions 62

problems stated in Corollaries 4.1 and 4.3 were solved, considering a search for the min(A)
(since the maximum energy of the disturbance signal, according to (2.2), is given by A1)
instead of searching for the min(y), with # = 42 and < the induced £>-gain from wy to z.
Notice that in this case, we also have a LMI optimization problem.

Table 4.5 shows the results obtained, considering different values for 1 (maximum
absolute value for the control input) and X" := {xk € R?: Xyl < 1.0, [x] < 1.0}. Note
that, by using the more general controller (3.11) it was possible to have considerably less

conservative results in comparison with the use of controller (3.12).

Table 4.5 — Maximum guaranteed tolerated disturbance energy level (max(A~1)) for
different values of ug.

m 1 15 2 3 5
Controller (3.12) 12198  2.7446 45735 45735 45735
Controller (3.11) 12239 27537  4.8883  7.1339  7.2055

Secondly, for the same polytopic region X and 1y = 5, the optimization problems (4.9)
and (4.16) were solved, using the proposed approaches. The results are depicted in Figure 4.6.

451

2571 x *

1 5 [ xxxx *

0.5 RS

Figure 4.6 — The variation of 7y (the upper-bound for the ¢;-gain from wy to z) for
different values of A1 (the admissible energy-bound for the disturbance
input).  * Corollary 4.3 (Controller not dependent on 7ty). *Corollary 4.1
(Controller dependent on 7).
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The largest values of A~! for which it was possible to obtain feasible results from
the proposed methods are A~! = 4.5735 using the controller (3.12), and A~! = 7.2055 for
controller (3.11). From Figure 4.6, it is possible to note that less conservative results were
obtained from controller (3.11) in this scenario, while considering the same values of A~ it

was possible to obtain lower values for 7y in comparison with the results obtained from (3.12).

Figure 4.7 depicts the level sets £(P~1,A~1) obtained to system (4.35) from the

proposed approaches, considering 1o = 5 and different values of A1,

02f
0.4 ]
0.6 \\\ .......................................... /,'
08 _
X
" -1 0.5 0 0.5 1
L(1)k
(a)

Figure 4.7 — Level sets £(P~1, A1) obtained for A~! = 0.1 (green solid line), A~1 = 1.0
(green dotted line), A~! = 2.0 (green dashed line), A~! = 4.5 (black dotted
line), and A1 = 7.2 (black dashed line). (a) Corollary 4.3 (Controller not
dependent on 71;). (b) Corollary 4.1 (Controller dependent on 7ty).
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Figure 4.8 shows three trajectories for the closed-loop system, with the controller (3.11)

synthesized from Corollary 4.1, for zero initial conditions and different disturbances given by

(1) -0.7, k<5 (2) V72, k=3 (3) —-10, k=2
wk —_— , wk = , wk _—
0, elsewhere 0, elsewhere 0, elsewhere
1
0.8 -7 A
0.6 e SN
041 K \
02 I /’, ,l, ‘\ 1” |
/.é_&\ ,,' ,/ \\ /,
C\\l/ 0 I /’ /7>77 _______ <------ IJ
& Il /4 /}/ I,
-0.2( e
] L’
0.4 f
0.6, et
08f Tee-d—--oT i
+ X
-1
-1 0.5 0 0.5 1
L(1)k

Figure 4.8 — Region £(P~1,A~1) (black dashed line) obtained for A~! = 7.2 and the
controller obtained from Corollary 4.1, with some trajectories for xo = 0,

wlgl) (magenta dashed line), w,((z) (blue dashed line), and w]?) (green dashed

line).

Note that, for w}({g), the trajectory diverges because the condition (2.2) is not satisfied.
For the other cases, the state trajectories do not leave the ellipsoidal region and, when the
disturbance vanishes, the system states converge to the origin. It is worth emphasizing that,
even when the largest admissible disturbance amplitude is applied in a single time instant (in

(2)

the case of wy ), the saturated control input guarantees that the system states remain in the
region £(P~1,A71).

4.5.3 DoA estimate for a 3-D polynomial system with time-varying parameter

In the previous examples, the synthesis conditions proposed in this investigation were
applied for regional stabilization of nonlinear polynomial systems to the problems of estimating
DoA and ensuring input-to-output performance. From the results obtained, it was possible to
note that the controller using the nonlinearity vector provided less conservative results for the

cases considered so far.
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In this example, our goal is to illustrate the use of the proposed methodology for
systems with time-varying parameters. For this purpose, the DoA estimation problem was
taken into account, and the results obtained from Corollary 4.2 will be presented, as they are

less conservative in comparison with Corollary 4.4.

Therefore, consider the following nonlinear system, with time-varying parameter:

X(1)kp1 = —0.01xF) ), — (0.8 4 6) x ()i — (1.2 4 6)x ()
+ dpsat(u(y)ye) +sat(u)e) + f (), (4.37)
X2kt = 02(X2p — ¥(z) + sat(ugy) + f (%),

X(apr1 = 083y + 0.1(x (1) — X2k — Xz,

2
where f'(x;) = [O.Sx(3)k +0.1(x 1)k — X2k — x%s)k)] . This system can be recast in a DAR
form (3.10) such that

0 —0.8 — 51{ — 0.02X(1)k + 0.01X(2)k 0.16X(1)k — 0.16x(2)k
A1 (Xk, (Sk) = O'le(l)k 0.2 — 0'02x(1)k + O'le(Z)k 0.16X(1)k — 0.16X(2)k ’
0.1 —0.1 0.8
(4.38)
[ —0.56 — 6 —0.02 0.02 —0.16 0.01 S 1
As(6) = 0.44 —0.02 002 —016 001 |, A3(d)=1]0 1],
—-0.1 0 0 0 0 0 0
[ -1 0 0 ]
x(l)k -1 0 0 0
0 0 «x
Ql(xk) = [ )k ] ’ QZ(xk) = X(2)k 0o -1 0 0 , 3 = O5x0.
04x3
X(3)k -1 0
i 0 0 X(3)k -1 i

Forug = 1, X := {x, € R%: |x)| < 1.0}, and A := {6 € R: 0 < & < 1}, the
optimization problem (4.10) has been solved and the value obtained for the objective function
is log(det(Q)) = —1.6574.

Figure 4.9 depicts the estimated DoA, with some trajectories initiating inside this region,
which converges to the origin over time, and Figure 4.10 shows the projection of the ellipsoids
onto the plans. This example illustrates the effectiveness of the proposed method when

time-varying parameters are considered. In this case, note that the estimated DoA (Epya)
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consists of the intersection of the two ellipsoids (filled in magenta and green) associated with
E(P ).

1
,Ia
i . E(P;1 1)
. V|, -—~L0
A 1 -
= 0 R R T
i ~ ]
H N by
’f"" 4 gDoA
-05 or \_(__.@

Figure 4.9 — Estimated DoA (Ep,4) for system (4.37) obtained from Corollary 4.2, and
some state trajectories (black dashed lines). £py4 is the intersection of the
two ellipsoids (in green and magenta) associated with S(Pfl,l). The red
point represents the origin.
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Figure 4.10 — Projection of the ellipsoids £(P; ',1) (in green and magenta) onto the
plans (xX(1y% X(2)k), (X2)kr X(3)k), and (X(1)% X(3)k)-
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4.5.4 Input-to-Output performance for a rational system with time-varying parameter

In this example, our goal is to use Corollary 4.1, for a rational nonlinear system with
time-varying parameters. Therefore, consider the following nonlinear system:

2

NOL
X(1)k+1 = (1- (Sk)x(z)k + O'STX(Zl)k + 0.5wy,
X(1)k 4.39
X241 = —X(k T X2k + +(x)2 + 0.1w + (1 — 6 )sat(ug), (4.39)
(Dk

Zk = X(1)k T X(2)k-

which can be recast in a DAR form (2.3) such that

-
x%l)k X(1)k

1+ x%l)k 1+ x%l)k

T =

7

Considering X' := {xk € R?: x| <20, [xoul < 1.0}, A:= {6 € R:|d| <0.5},
and ug = 2 the optimization problem (4.9) is solved and the obtained results are depicted in
Table 4.6.

Table 4.6 — Disturbance attenuation (A~! x 7) for ug = 2, where A~! is the largest
admissible disturbance amplitude.

A1 0.1 2 4 6 8
% 0.8529 0.8587 1.0546 1.4886 3.1013

The largest value of A~1 for which it was possible to obtain a feasible result from the
proposed method is A~! = 8.48. Figure 4.11 depicts the level set 5(P_1,)\_1) considering
A~1 = 8.48, with two trajectories, for xo = 0, different time-varying sequences for §; € A
(1) (2)

(chosen randomly), and different input disturbances w,"’ and w,” as follows
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, (4.40)

wk = wk

0, elsewhere 0, elsewhere

(1) { _6(0.22k)’ 1<k<3 2) { /848, k=3

1
E(PTI A1) e
0.5 ] i
s
>
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Figure 4.11 — Estimated region (Ey) for system (4.39) and the ellipsoidal regions
E(P; 1, A71) (magenta dotted line) and £(P, ', A~1) (green dotted line)
obtained from Corollary 4.1 for A=1 = 8.48. Two trajectories for xg = 0,

w ack dashed line) and w ue dash-dotted line) are also shown
(I (black dashed line) and w(>) (blue dash-dotted li Iso sh
in this figure.

Note that the state trajectories do not leave the intersection region (£y) and, when the
disturbance vanishes, the system states converge to the origin, even when the largest admissible

(2))_

disturbance amplitude is applied in a single time instant (in the case of wy

4.5.5 DoA estimate for an uncertain rational system — The feedback linearised pendulum

In this example, our goal is to use Corollary 4.6, for a rational nonlinear system with
both known and uncertain time-varying parameters. Consider the inverted pendulum model,
from Azizi, Torres & Palhares [13]:

i(t) = %sin(@(t)) - be_]&t) + % , (4.41)

where ¢ is the gravitational acceleration, I is the length of the pendulum rod, M is the total
mass and b is the damping coefficient. Besides that, 8(¢) is the angle from the vertical direction

and T(t) is the control torque. Suppose that parameters b and M can change over time, such
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that M = My(1 + 6(t)) is a time-varying parameter, which is known, and b = bg(1 4 5(t))
is an uncertain parameter, with My and by being nominal values. Using the change of variables
r = arctan(f), with sin(8) = (2r)/(1+r?) and cos(9) = (1 —r?)/(1 + r?) proposed in
Rohr, Pereira & Coutinho [62], and the input-to-state feedback linearization control proposed
in Azizi, Torres & Palhares [13]

_ 2Mpl?
1+ X2

(t)

2x1x3 b
sat(u(t)) — (1 szz + %xl - MOOJQ)] , (4.42)
1

it is possible to rewrite equation (4.41) as the following rational system:
1)(t) = x2) (1),

N 0 6(t) (% (®)xiy(t)
X)(t) = —mx(z)(ﬂ MEEwIn ( 1 +xf1)zt)

+ ?X(l)(t)) + 1 —|—15(t) sat(u(t)).
(4.43)

Now, using Euler’s first-order approximation, the following discrete-time model is

obtained:

Xk+1 = Xk T Tx2)

- 2
bodx S [ ZXOrX ) 1
- 7| 0% —sat(uy) |
R C N R v A G A R L SR ( 1+22, MVROL R e Cl)

where T is the sampling period.

Thus, system (4.44) can be recast as an DAR, following expression (3.10) (page 39),

with
- 2 5 _T
Xk Xk X(1)kX (2)kOk Xkok Xk sat(uy)
T = ,
1446, 146 (1 +5k) <1 +x%1)k> 1 —|—x%1)k 1 —|—x%1)k 1+ 0k
(1T _ 0 0 0 00 0 ] 0
Al = , Ao(xe, 00 = | T Thy— , Ay = ,
"o 203k O 0k) = | Tgs - Thog 2Txpy 0 0 —T6, T
I I M, |
T
1006 00 T
01(5k)=[0100"001,03=[000001 ,
[ —1— 6 0 0 0 0 0 |
0 -1-6 O 0 0 0
o) (x 5)_ 0 0 —1—5k X(2)k 0 0
B 0 0 0 -1 —-xgy O
0 0 0 X(1)k -1 0
0 0 0 0 0 —1-4 |
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Choosing T = 0.1s and ug = 1, the optimization problem (4.31) was solved con-
sidering system (4.44) with My = 2Kg, | = 1Im, g = 9.8m/52, bp = 0.INs/m, A :=
{6k € R:|6] <0.09} and A := {6 € R: |6 <0.9}. In this scenario, the maximum
value for the objective function is log(det(Q)) = —0.21, with the states’ bounds defined by
X = {xk € R2: |x(qyel < 1.2, |x (el < 1.1}

The closed-loop results obtained by simulating equations (4.44) together with the
control law (3.12) are shown in Figure 4.12, where the largest estimated DoA obtained and
some trajectories initiating inside it are depicted for different time-varying sequences for J; € A
and Ek € A.
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Figure 4.12 — Estimated DoA and some state trajectories (blue dashed lines) for system
(4.44). Epya (region filled in blue) is the estimated DoA obtained from
Corollary 4.6. The four ellipsoids (magenta, green, orange, and cyan dotted
lines) associated with £(P;;1,1) are also shown in this figure.

This example illustrates the effectiveness of the proposed method for rational nonlinear
systems when known and uncertain time-varying parameters are considered simultaneously.
Notice that the estimated DoA (region filled in blue) in Figure 4.12 is not an ellipsoid in this
case, but the intersection of the four ellipsoids (magenta, green, orange, and cyan dotted lines)
associated with (P 1,1).

In addition, in Figure 4.12, zoom images are presented at different points. At point 1
top right corner takmg the DoA as a reference, there are the overlappmg ellipsoids £(P;71,1
Py
magenta and E(P;,",1) (green), followed by the ellipsoid £(P,;*,1) (orange) and the ellipsoid
12 21
E(Py',1) (cyan), which is the furthest from the DoA at this point. On the other hand,
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at point 2 (lower-left corner), this order is reversed, which shows that there are points of
intersection between these regions and highlights the characteristic of the parameter-dependent
Lyapunov function. Despite this, it is worth mentioning that in this example, the approach using
a parameter-dependent Lyapunov function does not show a significant advantage compared to

using a standard quadratic Lyapunov function.

4.6 Final remarks

This chapter has introduced new stabilization conditions to design gain-scheduled state

feedback controllers for discrete-time nonlinear systems with time-varying parameters, described
in a DAR form.

By taking advantage of the DAR, firstly it was considered the control strategy (3.11),
which makes use of information on the nonlinearity vector 7t;.. Based on the Lyapunov theory and
using a parameter-dependent Lyapunov function candidate, two optimization problems subjected
to LMI constraints were stated to obtain the largest estimated Domain-of-Attraction (DoA), or
to minimize the #»-gain from the energy-bounded disturbance input to the performance output
for zero initial conditions. Furthermore, the proposed approach was adapted to the control law

(3.12), where only the system's state vector information is used.

In the sequel, it was provided a preliminary analysis of the computational complexity
for each case and it was shown how one can extend the proposed methodology to consider

uncertain time-varying parameters.

Finally, it has presented numerical examples in which the proposed approaches were

applied to provide the regional stabilization of polynomial and rational nonlinear systems.

The first example showed a favorable comparison between our methodology and that
provided by Oliveira, Gomes da Silva Jr & Coutinho [12] to the problem of regional stabilization
and DoA estimate, in the context of DAR. Moreover, from the first and second examples, it
was possible to note that less conservative results can be obtained when the nonlinearity vector

is taken into account in the control input.

Besides that, some numerical examples illustrated the use of the proposed methodology
for nonlinear systems with simultaneously known and uncertain time-varying parameters,
showing its effectiveness of the proposed control synthesis methodologies in this more general

context.

Finally, it is worth mentioning that in this part of the research we did not find a solution
to effectively include information about linear annihilators, as proposed by Trofino & Dezuo [97].
In the next part of the research, we present a new methodology based on polynomial Lyapunov
functions. This new approach is developed without the need for congruence transformations and
allows the use of linear annihilators to reduce conservatism, as shown by numerical examples
in Chapter 6.
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5 PRELIMINARIES FOR PART IlI

In this chapter, preliminary concepts regarding the use of polynomial Lyapunov functions
to obtain regional stabilization conditions are presented. The Lyapunov function candidate
is defined and some aspects are discussed. In the sequel, the concept of linear annihilator is

introduced. Finally, the problems addressed in this part of the research are defined.

The following developments were greatly influenced by the discussion in Coutinho &
Souza [50].

5.1 Lyapunov function candidate

This part of the research is concerned with developing LMI-based conditions that provide
the stabilization of system (2.1) (page 24), using the DAR representation in (2.3) (page 25)
and a polynomial Lyapunov function candidate, aiming to reduce conservativeness. In this

sense, the following Lyapunov function candidate is considered

P % Xk
zT w] [@k]’ (5.1)

where @ € R"® is a vector of polynomial nonlinear functions of (x;), P, W, Z are constant

Vi(xy) = [x,;r @ﬂ

matrices to be determined, and P and W are symmetric matrices.

There is no systematic procedure for generating a less conservative polynomial Lyapunov
function. Generally, increasing the complexity of vector @ can lead to less conservative results
at the cost of extra computations. An approach to deal with this problem is to start with a
simple polynomial function and increase the complexity until some stopping criterion has been
reached. Alternatively, we can use this procedure to include specific terms that are related to

particular properties of the systems, such as its total mechanical energy, etc.

5.2 Regional stabilization and polynomial Lyapunov function

In this part of the research, for simplicity, we consider system (2.1) without the presence
of disturbance inputs (wy = 0), and focus on the problem of regional stabilization with DoA

estimation, presented in the Subsection 3.1.1 (page 34).

The level set associated with the function (5.1) is defined by

Rpoa := {xk e R" : V(xk) < 1}. (5.2)

If V(xr) >0 and AV = V(x¢1) — V(xx) < 0 along the trajectories of the closed-
loop system, Vxp € Rpoa and x; # 0, then (5.1) is said to be a Lyapunov function and
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Rpoa is an invariant set with respect to the closed-loop system dynamics, which ensures that
for xg € Rpoa, X — 0, when k — oo,

Letting O := O(x;) and O 1 := O(x)41), we have

P x
AR Y

P x
AR

Xk4+1 Xk

AV =[xl O] [ o] o

Ok11

As O is a polynomial function, similar to DAR (2.3), ®1 and O can be related by
the following difference and algebraic equations

Yoo(Xk, O, Xkt1) @i+ Y10(Xk, O, Xks1) _
+ ¥
Yo1 (xk, Ok, Xk41) Y1 (X, O Xi+1) (5.3)
Yoo(Xk, O, Xgs1) [ Y30(xk, O, Xi11) _—
Yo1 (XK, Ok, Xiet1) Y31 (X, Os Xi41)
Xo(xx) Ok + X1 (xg)xx =0, (5.4)

where (1= {(xk, Ok, Xpi1, ux) € R™ is an auxiliary vector of rational functions with re-
spect to (X, O, Xxi1) and affine with respect to (uy). The matrices Ypo(xk, Ok, Xki1) €

R™e*"e, Yy (xg, O, Xg1) € R™*M, Yoo (xg, O, Xp1) € R"O™M, Yo (xg, O, Xp11) €

R™0>" Yo (xk, Ok, Xp1) € RO, Y19 (xg, O, Xpey1) € R, Yoy (x, Ok, Xp41) € R,
Y31 (X, O, Xpr1) € R™*™ are affine functions on (xg, &k, Xk11), and matrices Xo(xx) €

R"@*"e and X;(x;) € R"©*"x affine functions on (x).

In this case, the following assumption is considered.
Assumption 5.1. Regarding equations (5.3) and (5.4):

a) Xo(xx) has full rank for all x;, € X';

Yoo (xk/ (Sk/ xk+1) Y20 (xk/ 5k1 xk+1)

has full rank for all (xi, ;) € X x A.
You (X, O Xk+1)  Yo1 (X, s X1

Assumption 5.1 implies that matrices Xo(xx), Yoo (X, Ok, Xk11), and Yo1 (X, Ok, Xkt1)
are nonsingular. As a result, it follows that

O = —Xg ! (%) X1 () X,
Orr1 = — Yoo (X%, Ok Xk1) [Ya0(Xk, Sk, Xir1)Xks1 + Yao(Xk, Sk, Xir1) Ck + Yao (X, Ok, Xp1 ) 1],
Tk = —Yo1" (X O Xie1) [Yor (ks O Xie1) @1 + Y1 (X S X 1) X1 + Va1 (X, S, X1 )] -
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It is worth registering that the matrices of affine functions with respect to (xy, Ok, Xx11)
belong to polytopes of matrices that can be compactly represented as convex combinations of

the vertices of the polytopic region X X A x X, such that

Ny N5 Ny

O(Xk/ (Sk; xk+1 Z Z Z aX(t)k+1Oiltl (55)

i=1 :1 =1
In this investigation, we considered arbitrary variation rates for the system states.

However, one can assume that these rates of variation are bounded, which can result in less

conservativeness but increases the complexity of developments.

Equations (5.3) and (5.4) can be obtained using a similar procedure as described in
Subsection 2.2.1 (page 25). In the sequel, an example is provided to illustrate some particularities

in this case. More complex numerical examples are provided in Chapter 6.

Example 5.1. Consider the following nonlinear system

X = (146 ,
k1 = (L + )Xk (56)

X(2)k+1 = X(1)k + x( 2)k T Uk

Following the next steps, it is possible to obtain the difference and algebraic equations

for Ok1 and Oy, respectively.

(i) Start by defining vector Oy

A possible choice of @ which allows us to express the algebraic equation (5.4) as an
affine combination of x; and ©y is

-
O = x‘z-l)k X(1)kX 20k x%z)k x%l)k] . (5.7)

(ii) Now, it is possible to obtain the algebraic equation based on each element of
O

The entries of the chosen vector ®y are such that

e — O =0
XXk — O =0

)

m

oy — Op)k =0
)

(
X1 yk — Oy =0

Thus, it is possible to write equation (5.4) as
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-1 0 0 0 x(l)k 0
0 -1 0 0 0
O + F(k X =20
0 0 —1 0 0 x(2)k
x(l)k 0 0 -1 0 0
on;k) X1 (xx)

(iii) Write vector ©Oyq, considering the defined ©; and the system state-space

model

-
2 2 3 -

From (5.7), we have @y, = [x(l)k+1 X(1+1X2k+1 X(2)k41 x(l)k+1] . Using the

system equations in (5.6), vector 1 can be recast as

(5.8)

(iv) Then, choose a vector (. so that the difference equation can be obtained as

in (5.3), where the matrices are affine functions on (xy, oy, Xy 1)

In this case, a possible choice of { is

X(2)kX(1)k+1
Ok = | X(@kX(2)k+1 | - (5.9)
x%z)kx(z)k+1
(v) Finally, one can write the difference equation based on each element of ®y
and @k

From (5.8) and (5.9) it follows that

kX (1)k+1 T Orb 1)k — O =0,
XkX2)k+1 T oGk — Okr1 =0,
e (

)

DEX2)k+1 T X2kG 3k + X2k 14k — Oyk1 =0,
XX k+1 — Sk =0,

XX 2)k+1 — G2k = 0,
X2k — Capx = 0.
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leading to the difference equation in (5.3) with

1 0 0 0 ¥or O
0 -1 0 0 0 xpy
0 0 -1 0 0 xap
X1 0 0 =1 O+ | 0 0 | X1
0 0 0 0 Yo O
0 0 0 0 0 x(Z)k
0 0 0 0 | 0 0 |
[Yoo Y10
Yo Y11
[ Sa 0 0] 0]
0 Sax O 0
0 0 X% X(2)k+1
+ 0 0 0 Ck + 0 ur = 0.
—1 0 0 0
0 —1 0 0
N x(2)k 0 —1 ] L 0 ]
N — , Nl
Yoo Y30
Y2 Y31

5.3 Linear annihilators

As previously discussed, the particular choice of system matrices in (2.3) is not unique.
As a result, a bad choice may lead to conservative results. In this part of the research, to reduce
this potential conservativeness, we follow the procedure proposed by Trofino & Dezuo [97] for

DAR models, which consists in using the concept of linear annihilators.

Definition 5.1 (Linear annihilator [97]). The matrix Ry(xg) : R™ — R™*™ js a linear
annihilator of the state vector xj if Ny (xy)xx = 0 and Ny (xy) is linear with respect to xy.

Note that there is no single annihilator to a given system. In this thesis, the following
annihilator, proposed by Trofino & Dezuo [97], that takes into account all possible product
pairs X ()X (iyk, Vi,j € In, and i # j, is used:

A (xk) Bl(xk)
Ry (k) = : : , (5.10)
-Anxfl(xk) anfl(xk)

where
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Bi(xk) = —x(iyilng—ir 1€ Ty,

- T
A (x) = Y@k X(nok|
| X(i+1)k
Ai(xk) = O(nxfi)x(ifl) , 1€ [2/ Ny — 1]/
L x(”x)k

with the number of rows n; = Z;-Z;l ]-

Example 5.2. For n, = 3, the following expression is obtained from (5.10):

Xk —*ajx 0 X(1)k
Nx(xk)xk = X(3)k O _x(l)k x(Z)k =0
0 X@k  —Xk X(3)k

5.4 Problem statement

Based on the aforementioned, by considering system (2.1) in a DAR form (2.3) and using
polynomial Lyapunov functions as in (5.1), this part of the research is particularly concerned
with proposing sufficient conditions to design state and static output-feedback controllers such
that Rpoa C X, Vo, € A, is an invariant set with respect to the closed-loop system dynamics
such that, Vxg € Rpoa, Xk — 0, when k — oo, and Rp,a is as large as possible.

It is worth mentioning that we do not incorporate information about the control input
saturation in the following developments. However, this is an objective that we intend to

pursue in future investigations.
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6 STABILIZATION CONDITIONS BASED ON POLYNOMIAL LYAPUNOV
FUNCTIONS

This chapter presents novel stabilization conditions based on polynomial Lyapunov
functions. Firstly, a new strategy for gain-scheduled SF control is proposed. Secondly, a new
gain-scheduled SOF control design solution is derived. Finally, numerical examples illustrate

the proposed methodology’s potential.

6.1 State Feedback control

In this section, novel stabilization conditions to design SF controllers are provided,
considering polynomial Lyapunov functions, as defined in (5.1), on page 73, and the following

control law .
e = G~ (e, ) K (2, 68k, Gk = [ka N;;r} , (6.1)

with K(xg, 6) € R™*(+1x) and G(xg, &) € R™ "™ matrices to be determined.

Remark 6.1. Notice that we consider both the system model and the control input represented
from the same basis function 7. However, the elements of 7t that do not appear in the
system representation can be removed by nulling the respective columns of the DAR matrix
Az (xy, 0r). On the other hand, it is possible to remove the elements of 7, that we do not
want at the control input by nulling the respective columns of matrix K(xy, dy) in the control

input (6.1). For instance, the proposed control law includes the particular case
Uy = G_l(xk, 5k)K(xk, Ok ) Xk, (6.2)

by considering K(xy, ) = [K(xk, 5x) o] in (6.1), with K(x, &) € R™ ",

In the sequel, sufficient conditions to compute the SF control matrices that stabilize

the nonlinear system (2.1) (page 24), for wy = 0 are presented.

Theorem 6.1. Consider the nonlinear system (2.1) in a DAR form (2.3), on page 25,
with w, = 0, and a nonlinear vector ®) as described in Section 5.2. Let € be a given

positive scalar. If there exist positive scalars T,, symmetric matrices P € R"x*"x and

W € R"*"e, and matrices Z € R"™*"0, G(xy,6;) € R"™*™ K(xy,0) € R (nxtniz)
L(xk) e ]R(nx+n@)><(nq+n®), R(xkrék/karl) e R(znx+nn+nu+2n®+ng)><(2n@+ng—+nx+nn+nq)’

and S, € Rttt x(nitnotng) o Z,,, such that the following inequalities hold
E1 -+ L(x) N1 () + Ny (x0) LT (x) > 0, (6.3)

B (xx, 0k) + R(xk, Ok, Xy 1) Na(xk, 0k, Xep1) + Ny (x5, 0, X5 1) R (2, O, xp41) < 0, (6.4)

Eao + SoN3(xx) + N3 (x4)Sg >0, v € T, (6.5)
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GT(xk, 5k) + G(xk, (5/() >0, (66)

where

(1]

12{; ;\;}/ Ni(xg) =

with the linear annihilator W (xy) given in (5.10), on page 77, and

X1(xg)  Xo(xx)
N(xg) 0 ’

p * * ok *
€K' (xx,0k)A; (xk,6)  —Pa x x %
Eo(xk, 0x) = | —€GT(xp, 0)AT (xp,8) 0 0 % % ,
z" 0 0 W %
0 -Z; 0 0 —-W,
Pﬂ_{P *}, a:[w *1, a_[Z *}’
0 0 0 0 0 0
[ V1o 0 0 V30 Yoo 0 Vo ]
Y 0 0 V31 Yot 0 a1
0 Xi(xx) 0 0 Xo(xk)

Np(x, x =
2(Xk, Xi+1) —I A1(xx, k) Ax(xp, 6k)  As(xk, &)

0 0
0 0 0
0 Oi(x,00) Mo(xk, k) O3(x,d) O 0 0
0 N(xk) 0 0 0 0 0

where Vo, = Y (Xg, Ok, Xk 1), =0,1,2,3,b = 0,1 are given in (5.3),

27, —1 x % Xp —1I 0
Bgop=| —mae P x |,andN3(xx)=| 0 Xi(xx) Xo(xx) |,
0 zl W 0 N(x) 0

then there exist a Lyapunov function (5.1) (on page 73) and a controller given in (6.1) such
that, Vxq inside Rpoa, the trajectory of xj converge to the origin when k — oo and Rpoya is

an estimate of the DoA.

-
Proof. Consider inequality (6.3) and the vector ¢ = [ka @,;r] . Since N7¢; = 0, pre- and
post-multiplying (6.3) by ¥ and ¢, respectively, leads to V(x;) > 0,Vx; € X and x; # 0.

On the other hand, inequality (6.4) can be recast as

O 4 JO,+ D, JT +RN, + N, R" <0, (6.7)
5
with
[P % ok k%] [ €Az (xk, Ox) G(xx, Ok) |
0 —-P, x % *x ok 0
0 0 0 % * % 0 Z
@ == 7 - 7 Z - 7
! Z7 0 ow o« «|) 0 b 0]
0 -7 0 0 —W * 0
0 0 00 0 0] I 0 ]
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and

D, = [o G (x, 60K (xi,8) —1 0 0 o].

T T
Defining ¥ = [kaH ﬁkT u,—{r @,Ll @];r @ﬂ , with . = [x,j nﬂ , as stated
previously in (6.1), one has that ®,8; = 0 and Ny&, = 0. By pre- and post-multiplying (6.7)
by 192T and U, respectively, results in AV, < 0.

Therefore, if the conditions (6.3) and (6.4) are feasible, then V(x;) in (5.1) is a
Lyapunov function and the controller (6.1) ensures that the origin of the closed-loop system is

asymptotically stable.

Multiplying (6.5) with [1 ka @ﬂ on the left and its transpose on the right, yields

2, —1 x % 1
[1 x] @,{T] —T,a, P % xp | >0
0 ZU W | |O

Applying the S-Procedure, if the previous inequality is satisfied, then the following

P
ZU W |0 —

condition holds

2 — kaav — a;xk >0, veLy, VxpeX:V(x)= [x,;r @ﬂ

This guarantees the inclusion Rp,4 C X.

Finally, condition (6.6) ensures the existence of the inverse of matrix G(xy, dx), Vx; € X

and &, € A, which is necessary to guarantee the computation of the control law in (6.1). [

Remark 6.2. Notice that since matrix N, is given, it is possible to define R = R(xy, d) in
(6.7) as a variable matrix affinely dependent on (xi,d;). On the other hand, matrix ®; in
(6.7) is a variable of the problem. Thus, we defined | aiming to obtain numerically tractable
conditions, where € is a given positive scalar, G(xy, 8) € R"™*™« js a matrix to be determined,
and Az(xy, 0x) € R™*™ js given by the DAR in (2.3).

In this case, the positive scalar € is introduced only to likely yield a less conservative
result and the system matrix Az (xy, Ox) is used in the defined matrix | to ensure the appropriate

dimension of the element J;1 € IR™*"u,

Therefore, inequality (6.7) can be recast as in (6.4), in Theorem 6.1. This inequality is
in an infinite-dimensional form, but it can be converted into a finite set of LMIs, by using an

LMI relaxation similar to that given in Appendix A.

It is worth mentioning that from the control law defined, there are other possibilities

for the choice of matrix | which allow us to obtain LMI conditions, as for instance
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€1A3(xx, 0x) G(x, J)
€2 A3 (xx, 0x) G (xk, Ok)
€303 (xx, k) G (x, Jk)

] = €1G(x, 6x)
€5Y30(Xx, O, Xk+1) G (xk, Ok)
€6Y30(Xx, O, Xxp1) G (Xx, O)
| €7Y31(xk, O, Xp11) G (xk, ) |

where €1,€,€3,€4,€5,€¢, and €7 are given positive scalars. However, the chosen matrix |

provided less conservative results among the alternatives we tested in numerical examples

without the necessity of using more auxiliary decision variables.

By using the following Corollary, based on the idea presented by [50] for stability analysis
applying polynomial Lyapunov functions in the context of DAR, it is possible to obtain the
largest estimated DoA from Theorem 6.1.

Corollary 6.1. The estimated DoA for the closed-loop system (2.1)-(6.1), with wy = 0, can

be maximized over X, solving the following optimization problem for all x, € X, 6, € A.
min ¢ subject to (6.3) — (6.6), (6.8)

with
o — trace (El + L(x0) Ny () + Ny (xk)LT(xk)) > 0. (6.9)

The optimization problem presented in Corollary 6.1 is motivated by the fact that in
the particular case of a quadratic Lyapunov function V(xx) = x; T Pxy, the minimization of
the trace of P has the effect of maximizing the sum of the squared semi-axis lengths of the
ellipsoid &£ (P, 1) := {xk € R ; x,;rka < 1}, see the references [10, 90, 12, 14].

Remark 6.3. Note that the novelty of this approach compared to that presented in Part 11
is related not only to the fact that a polynomial Lyapunov function candidate is considered,
but also to the proposed control law and the methodology used to obtain the stabilization
conditions, in which no congruence transformations are required. In our approach, the fact
that congruence transformations are not applied is essential to consider a polynomial Lyapunov

function candidate, as in (5.1), and to incorporate the use of linear annihilators, effectively.

The polynomial Lyapunov function candidate defined in (5.1) encompasses the quadratic
Lyapunov function, by setting ®; = 0, and the proposed methodology can also be adapted to

the use of parameter-dependent Lyapunov functions, as

N;
V(xx, 0%) = x) P(6)xx, P(6;) = Y a5, P, P= P’ >0, a; €A (6.10)
=1
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The level set associated with the function (6.10) is defined by
Lpoa := {xk € R™ : V(xk,(Sk) <1, Vo € A} . (6.11)

Lemma 6.1 (adapted from [89]). The level set (6.11) associated with the function (3.1)

verifies that

Lpoa= [ E@,1), (6.12)
le{l,...Ng}

with € (P, 1) := {xp € R™ : x[ Pxy < 1}.
Proof. xj € Lpoa < Vo, € A, V(Xk, (Sk) <1l&x, e ﬂJkGAg (P(&k),l). Moreover,

N E@@).DCc [ €@

SrEA le{1,...Ns}

To prove that

N €@ C () EPG),1),

le{1,..Ns} oEA
consider x € Mieq1,.n;} € (P, 1), then x[ Py < 1,1 € Zy;.

Since ]\E o = 1, the above inequality can be recast as
1=1 %0 Yy

(Dk

N
x,{ <Z [X‘S(l)kpl> <1, le IN(;'

I=1
Thus,
XIP()xe <1, O € A.
This implies that x; € & (P(J),1), or xx € Ns.en € (P(5), 1). O

Theorem 6.2, in the sequel, presents sufficient conditions adapted from Theorem 6.1 to
compute the SF control matrices in (6.1) that stabilize the nonlinear system (2.1) (on page

24), with wy = 0, by using parameter-dependent Lyapunov functions (6.10).

Theorem 6.2. Consider the nonlinear system (2.1) and its DAR (2.3), with w, = 0.

Let € be a given positive scalar. If there exist positive scalars T,, matrices P(5;) =
PT((Sk) > 0, P((Sk) € R *"x, R(xk, (Sk) € ]R(an"_n”"_n")X(nX+n”+nq), G(xk,ék) € R
and K(xy, o) € R"™*(nxtn7) - such that the following inequalities hold

Ez(xk, Or, (Sk—&—l) + R(xk, (5k)N2(xk, (Sk) + N;(Xk, 5k)RT (Xk, 5k) <0, (6.13)

27, — 1
@ * >0, v€T, (6.14)
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and
G (xx, &) + G(xx, &) > 0, (6.15)
where
P(dy11) * *
= P(5,) *
Eo(Xk, Ok, Okg1) = | €K (xp, 00 A (xi,6)  —Pa(8) = |, Pa(dk) = { (Ok) 0 ] ’
—eG T (xk, 0k) A3 (xi, k) 0 0

=1 Ai(x, ) Az(xx, 0k)  As(xx, k)
No(xk, k) = | 0 (i d) Qa(xe ) Qs i) |
0 Re(xp) 0 0
then there exist a Lyapunov function (6.10) and a controller (6.1) such that, Vxq inside Lp,a
and O € A, the trajectory of x; converge to the origin when k — oo and Lp, 4 is an estimate
of the DoA.

Proof. Theorem 6.2 was obtained from Theorem 6.1, disregarding the influence of the nonlin-
earity vectors @y and (i, and incorporating information about time-varying parameters in the
Lyapunov matrix P. Thus, following similar steps as in the proof of Theorem 6.1, if condition
(6.13) is satisfied, then (6.10) is a Lyapunov function and the controller (6.1) ensures that
the origin of the closed-loop system is asymptotically stable. Condition (6.14) guarantees the
inclusion Lp,4 C X and condition (6.15) ensures that G(xy, J;) is invertible, Vx; € X’ and
Op € A, [

Similarly as presented in Subsection 3.1.1, one can consider the following subset of

Lpoa to find the largest estimated DoA

E@QuHC () &M@, (6.16)

ZE{l,...N&}

Thus, by solving the optimization problem in the next Corollary, it is possible to maximize
the estimated DoA from Theorem 6.2

Corollary 6.2. Given a positive scalar € > 0. If there exist positive scalars T,, symmetric
matrices Q € R™*" and P(6;) > 0, P(6x) € R™*" and any matrices R(xy, ;) €
R 2tetnutig) < (tetnatng) Gy, 5) € R™*M, and K(xg, &) € R™>xt1n) satisfying the
following optimization problem for all 6, € A and x;, € X:

min {trace(Q)} subject to (6.13) — (6.15), (6.17)
with
Q—-P >0, (6.18)

then the SF controller (6.1) asymptotically stabilizes the closed-loop system, composed by
(2.3), on page 25, with wy = 0, and (6.1), around the origin, and Lp, 4 is an estimate of the
DoA.
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Proof. Condition (6.18) ensures that £ (Q,1) C Lpya, which is defined in (6.12), and the

rest of the proof follows in a straightforward way as in the proof of Theorem 6.2.

]

6.2 Static Output Feedback control

In this section, considering practical applications in which only the system output is

measured in real-time, our goal is to design an SOF controller in the form
u = F~1(8)H (k) vk (6.19)
with H(d;) € R™*™ and F(6;) € R™*" matrices to be determined.

Remark 6.4. It is worth mentioning that in this case, the information about the system states
vector is not taken into account in the gain matrices F(-) and H(-) which are only dependent

on parameters ().

Theorem 6.3 in the sequel presents a new SOF control design for the nonlinear sys-

tem (2.3) (page 25), disregarding the influence of disturbance inputs by having w; = 0.

Theorem 6.3. Consider the nonlinear system (2.1) in a DAR form (2.3), with wy = O,
and a nonlinear vector ©y as described previously in Section 5.2 (page 73). Let € be a

given positive scalar. If there exist positive scalars T,, symmetric matrices P € R"™*"x and

W € R"*"e and matrices Z € R"x*"e B(xk) € ]R(nx+n®)><(n@+nq), E(xk,ék, xk+1) €
R(an+2n@+ny+nu+nn+ng)><(2n@+n§+nx+ny+nn+nq) Tv e ]R(nx—&—n@—l—l)x(nx—l—n@—&—nq) = In
7 7 el

F(6;) € R™*"  and H(6) € R™*™, such that the following inequalities hold
I'1 + B(xg) My (xg) + MlT(Xk)BT(Xk) >0, (6.20)

T (xk, 0k) + E(Xk, O X1 ) Ma (X, S, X1) + M3 (i, Ok, xp1)E ' (X, O Xpep1) <0, (6.21)

T3, + ToMs(xg) + Ms (x)T,) >0, v € T, (6.22)
F() " + F(5) >0, (6.23)
where
_ | P ox | Xa(x)  Xo(xx)
with the linear annihilator W(xy) given in (5.10) (page 77),
Io(xg, 0k) =
[ —P * * * * * * *-
0 P * * * * *
—zT 0 -W  * * * -
0 zZT 0 4% * * *  x
eH" (0k) A7 (x1,6,)  HT(6)A] (x,0) 0 0 0 * x x|’
—€FT((5k)A3T(xk, 5}() —FT ((5k)A3T(xk, (Sk) 0 0 EH(&k) —eHe {F((sk)} *x %
0 0 0 0 Os(x,d)HOK) —O3(xk,6)F(%) 0 x
i 0 0 0 0 0 0 0 O_




Chapter 6. Stabilization conditions based on polynomial Lyapunov functions 86

[ Xq (%) 0 Xo(xx) 0 0 0 0 0
0 Y10 0 Yoo O Y30 0 Voo
0 Yn 0 Yo O NZ31 0 Va1
My (Xk, Ok, Xp1) = | A1l d)  —I 0 0 0 As(xgd) Aalxd) 0 |,
Cyl (xk,(Sk) 0 0 0 —1 0 Cyz(xk,ék) 0
O (%, 6) 0 0 0 0 Op(xd) M(xrd) O
N(xy) 0 0 0 0 0 0 0 |
where Vo, = Y (Xk, O, Xk 1), = 0,1,2,3,b = 0,1 are given in (5.3),
2, —1  x % Xg -1 0
I3p=| w0 P x |,and Mz(xx) =] 0 Xi(xx) Xo(xx) |,
0 zI W 0 N(xg) 0

then there exist a Lyapunov function (5.1) (page 73) and a controller given in (6.19) such that,
Vxq inside Rpoa, the trajectory of x; converge to the origin when k — oo and Rp,4 is an
estimate of the DoA.

Proof. Notice that conditions (6.20) and (6.22) are the same as (6.3) and (6.5) in Theorem 6.1,
respectively. Thus, we have demonstrated that if condition (6.20) is satisfied, then V(x;) > 0,
Vx € X and x; # 0.

On the other hand, inequality (6.21) can be recast as

O+ Oy + @) ] +EMy + M, ET <0, (6.24)
Y2
with _ ; _ -
—P  x  x Kk x X Kk K €Az (xy, 0k )F (k)
0 P x  x x x * * As(xg, 0k )F(6x)
—-ZT 0 W % * x % * 0
0 ZT 0 W x x x x 0
q)l - ’ ] =
0 0 0 0 0 % x % 0
0 0 0 0 00 % * eF (6
0 0 0 0 0 0 0 « Q3(xk, 5k)F(5k)
0 0O 0 0 0O0O0O 0
and

P, = [o 0 00 FY&)H(%) -1 0 0].

k+1 k
and My® = 0. By pre- and post-multiplying (6.24) by 8" and @, respectively, results in

AV < 0.

-
Defining & = [ka X, O @,Ll yl ouwl o @ﬂ , implies that ®,8% = 0

Therefore, if the conditions (6.20) and (6.21) are feasible, then V(x;) in (5.1) is a
Lyapunov function and the controller (6.19) ensures that the origin of the closed-loop system

is asymptotically stable.
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Similarly to the previous case for SF control (see Remark 6.2), the chosen matrix |
provided less conservative results among other alternatives in the numerical examples tested

without the necessity of using more auxiliary decision variables.

The inclusion Rpoa C X is ensured by condition (6.22), as we have demonstrated in
the proof of Theorem 6.1.

Besides that, condition (6.23) guarantees the existence of the inverse of matrix F(d),

Vx € X and &, € A, which is necessary to the computation of the control law in (6.19). O

The next Corollary can be used to obtain the largest estimated DoA from Theorem 6.3,

similarly as presented for the case of SF control design.

Corollary 6.3. The estimated DoA for the closed-loop system (2.3)(6.19), with wy = 0, can
be maximized over X, by solving the following optimization problem for all x; € X, 0, € A.

mino  subject to (6.20) — (6.23), (6.25)

with
o — trace (rl + B(xe) My (%) + MlT(xk)BT(xk)) > 0. (6.26)

As for the case of SF control design, presented in Section 6.1, Theorem 6.3, can
also be adapted to consider the use of parameter-dependent Lyapunov functions. In this
sense, Theorem 6.4, in the sequel, presents sufficient conditions to compute the SF control
matrices in (6.19) that stabilize the nonlinear system (2.3), with wy = 0, by considering
parameter-dependent Lyapunov functions.

Theorem 6.4. Consider the nonlinear system (2.1) and its DAR (2.3). Let € be a given positive
scalar. If there exist positive scalars T, and matrices P(6;) = P (8;) > 0, P(6;) € R™>*",
E(xi, &) € R(Zﬂx+”y+”u+”n)><(nx+”y+"n+"q),F((sk) e R™*", and H(;) € R™*™, such
that the following inequalities hold

T (xk, Ok, Ok 1) + E(xk, 6x) Mo (xk, 0k ) + M;—(xk, (5k)ET(xk, ) <0, (6.27)
27, —1
o * >0, vez, (6.28)
—Tyly P((Sk)
F'(6) + F(d) >0, (6.29)
where
rz(xk/ 5k1 5k+1) =
—P (&) * * * *
0 P(0k11) * * *
eH' (6)A3 (x0, &) H' (8k) A3 (xk, k) 0 * * |,
—€eFT(8) A (%, 8)  —F T (86) A (x5 €H (o) —eHe{F(d)} *
0 0 Q3 (xk, 6 ) H(0k)  —Qa(xg, 0 )F(%) 0
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and
Ai(xg, ) =1 0 Asz(xr,dc)  Az(xg, dg)
_ | Cpulad) 0 —I 0 Cy, (xx,0k)
Mo (xk, 0k) = Oq(xg, ) 0 0 Oa(xg,d6) Qolxg, k)
Ny (xk) 0 0 0 0

then there exist a Lyapunov function (6.10) and a controller (6.19) such that, Vxq inside Lp,a
and 0, € A, the trajectory of xj converge to the origin when k — oo.

Proof. Theorem 6.4 was obtained from Theorem 6.3, disregarding the influence of the non-
linearity vectors @y and (, and incorporating information about time-varying parameters in
the Lyapunov matrix P. Thus, following similar steps as in the proof of Theorem 6.3, since
P(6x) > 0, if condition (6.27) is satisfied, then (6.10) is a Lyapunov function and the controller
(6.19) ensures that the origin of the closed-loop system is asymptotically stable. Condition
(6.28) guarantees the inclusion Lp,4 € X and condition (6.29) ensures that F(Jy) is invertible,
Vo, € A. L]

By solving the optimization problem in the next Corollary, it is possible to maximize
the estimated DoA from Theorem 6.4.

Corollary 6.4. Given a positive scalar € > 0. If there exist positive scalars T,, symmetric
matrices Q € R™*" and P(;) > 0, P(0) € R™*"  and any matrices E(xy,d;) €
]R(an+ny+n,,+nn)><(nx+ny+nn+nq)’ F(&¢) € R™*m, and H(&) € R™*M, satisfying the
following optimization problem for all 6, € A and x;, € X:

min {trace(Q)} subject to (6.27) — (6.29), (6.30)

with
Q—-—P >0, (6.31)

then the SF controller (6.19) asymptotically stabilizes the closed-loop system, composed by
(2.3), with wy = 0, and (6.19), around the origin, and Lp,a is an estimate of the DoA.

Remark 6.5. Notice that our methodology can be applied to rational systems with nonlinear
and/or parameter-dependent output matrix. Besides that, no structural constraint is imposed
on the output matrix, and the SOF control design problem is solved directly, without the
necessity to obtain an SF controller in the first step or to use iterative algorithms, unlike other
approaches [74, 75, 76, 77, 18, 79].

The proposed stabilization conditions for SF and SOF control design based on polynomial
Lyapunov functions, presented in Theorems 6.1 and 6.3, respectively, are supposed to be
polynomially dependent on (xy, 0, Xx,1). However, since it is possible to use a multi-simplex
framework based on (5.5) a finite set of LMIs in terms of the vertices of the polytopes X" and

A can be obtained, using the same ideas presented in Appendix A. This procedure can also
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be applied to the conditions in Theorems 6.2 and 6.4, which are supposed to be polynomially
dependent on (x, Ok, Oxy1)-

6.3 Analysis of the computational complexity

In the sequel, Tables 6.1 and 6.2 show the computational complexity of the proposed
approaches in terms of the number of scalar variables (S;) and the number of LMI rows
(L,), which are related to the dimension of the state, time-varying parameter, control input,

measurement output, and nonlinearity vectors.

Table 6.1 — Computational complexity of LMI conditions to SF control design.

Corollary 6.1

1 1
Sy 1+ n, + 1y (”x;‘ +n@>+n® (n@;- )+[nu(nu+nx+nn)N(5+(nern@)(anrn@)] Ny ...
+(2ny + ny +ny +2n®+n§)(2n@—l—ng—&—nx—i—nn—&—nq)N%N(;—i—ne(nx+n@+1)(nx+n@+nq)
Ny +1 Ny +1)%(N; +1
L, {(nx+n@+1)< x2 +ne> +(2nx+nn+nu+2n@+ng)( x )8( g )NXN5+nuN5} Ny

Corollary 6.2

ny+1

Sy 1e + 1z (14 Nj) ( ) + [nu(ny + nyx + nz) + (20 4+ 1y + 1) (nx + ng +ng)] NeNj

(Nx + 1) (N5 +1)
4

L, {anJr (2ny + 1z +ny) NyNs + (1+nx)ne+nuNx} Nj

Table 6.2 — Computational complexity of LMI conditions to SOF control design.

Corollary 6.3

wn
Q

ny+1 ne +1
1+ne+nx( x2 +n@)+n@( ®2 )+nu(nu+Vly)N5+ne(nx+7’l®+1)(nx+7’l®+7’lq)---

+(2nx + 2ne + ny + ny + ng + n7) (2ne + ng + ny + ny 4+ nx +ng)NiN; + (ny + ng) (ne + nq) Ny

(Nx +1)?(Ns +1)
8

L {(nx—l—n@—i—l) (Nx2+1

+ ne) + (2ny + 2ng + ny + ny +ng +ny) Nst} Ny + nyNs

Corollary 6.4

ny +1
Sy e + 1y (14 Nj) ( x2 ) + [mu(ny + ny) + (2nx + ny + ny + ny) X (ny 4+ ny + ng +ng)Nx| Ny
Ny +1)(Ns+1
Lr [2nx + (an +nyg+ ny + nu)%NXNJ + (1 + ”x)ne + nuNx] Nj

It is noteworthy that the use of polynomial Lyapunov functions significantly increases
the computational burden, especially in terms of the number of scalar variables. However, as
discussed previously the proposed Theorems and Corollaries are associated with non-iterative
algorithms and a one-step approach, which can lead to less computational effort in solving the
problems addressed. Besides that, the control design is off-line and the computational cost is

not a problem in its practical implementation.
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6.4 On the implementation of the control law

The proposed approaches have considered, in the system model, the presence of time-
varying parameters (Jy), which are supposed to be exactly known, and this information is used
in the gain-scheduled control strategy, aiming to achieve less conservative results. However,
as discussed in Part |l, the proposed control laws can be adapted to deal with parametric

uncertainties associated with unknown parameters.

For SF robust control, Theorems 6.1 and 6.2 can be applied by considering the matrices
G(-) and K(-) only affine with respect to states (x). In this case, if the nonlinearity vector,
7Tk, depends on part of the parametric uncertainties, we must null the respective columns of
matrix K(-), as discussed in Remark 6.1, on page 79. For SOF robust control, it is possible to
apply Theorems 6.3 and 6.4, defining F and H as constant matrices.

Another situation that requires attention in practical applications is when
O3(x, 0x) # 0, i.e., vector 7 is dependent on (uy). Concerning the design of SF con-
trollers, as for the case of 71, dependent on uncertain parameters, it is possible to deal with
this problem by nulling the respective columns of matrix K(-) and solving the stabilization
conditions in Theorems 6.1 and 6.2. Alternatively, the following Corollaries can be used to
synthesize a SF controller incorporating the complete information of vector 7y, in which the

final implementation of the control law is guaranteed.

By using the next Corollary, it is possible to apply the conditions proposed in Theorem 6.1

for SF control design considering a polynomial Lyapunov function, in the specific case where
Q3(Xk, 5k) 75 0.

Corollary 6.5. Consider a given positive scalar € > 0. If there exist positive scalars
Ty, symmetric matrices P € R"™*"™ and W € R"*"®  and matrices Z € R™*"9,
L(xk) e R(nX+n®)X(nq+n®)/R(xkzékzxk—i-l) e ]R(anJrnnJrnquZn@Jrng)x(2n@+n§+nx+nn+nq),
G(xp, 8) € R™*M, K(xy, 8;) = [K(xk, 5) R(xk,gk)} , with R (xg, &) € R, K (x, 6)
R™ "z and S, € Rxtretl)x(mtnetng) o c 1,, satisfying the following optimization
problem for all 6, € A and x; € X':

min o
(6.32)
subject to (6.3) — (6.6),(6.9) and
GT(xs,5.) + G(x, 8 R(xe,80) + QT (x1,0
(xk, k) + G(x, J) (xk, k) + Q3 (xx, Ok) >0, (6.33)

AT

K™ (x, 0) + Q3 6) - —(QF (33, 6x) + Qa1 6%))
then the SF controller (6.1) asymptotically stabilizes the closed-loop system composed by (2.3),
with wy = 0, and (6.1) around the origin, and Rp,4 is an estimate of the DoA.
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Proof. Note that, from (6.1), we have
e = G (xg, 0) [K (o, 66) x + K(xie, 8c) 7],

where K(xy, &) = [I_((xk, o) K(xg, (Sk)} in (6.1). At the same time, from (2.4), if Q3 (xk, 0;) #
0 and wy, = 0, using the assumption that 300, ' (xy, &), one has that (dependency with (xy, &)

was dropped for clarity purposes)
u =G 1 [ka — RO (Qqx + quk)] ,
which can be rewritten as
[G n f<02_103} ug = K — ROy 'Oy xy.
Therefore, the final implementation of the control law (6.1) is given by
u = |G+ RO;0y) - K= RO;'0n] i, (6.34)

as long as the matrix M(xy,0r) = [G + Kﬂglﬂg} is invertible.

If Q3 = 0 or K = 0, M(xy,0) is nonsingular from the satisfaction of (6.6) in
Theorem 6.1. On the other hand, if Q3 # 0 and K # 0, from (6.33) one has

G K

T (xp,6.) + D(xr,8:) >0, D(xp,8) =
(%%, O%) (%%, Ok) (%%, O) a0,

From the feasibility of the above inequality, ®(x, ;) must be invertible. Notice that

matrix P(xy, ;) can be recast as

£y—1
I —KRO;

D(xg, 0) = 0 I

G+Kk0,'0; 0 I 0
0 | |-, 1|

Thus, det(®(x,0;)) = det(G + KQ, 103) det(—) = det(M) det(—Q).
Therefore, if condition (6.33) is satisfied, then det(®(xy, dx)) # 0 and M(xy, J%) is

invertible. The rest of the proof follows in a straightforward way as in the proofs of Theorem 6.1

and Corollary 6.1.
O

Similarly, from the following Corollary, it is possible to apply the conditions proposed
in Theorem 6.2 for SF control design considering a parameter-dependent Lyapunov function,
when Q3(Xk,5k) 75 0.
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Corollary 6.6. Consider a given positive scalar € > 0. If there exist positive scalars T,
symmetric matrices Q € R™*" and P(J) > 0, P(d) € R™ "™ and matrices R(xy, dx) €
R 2etnutig) < (tetnatng) - G(x,8,) € R™W*M, and K(xg, &) = [K(xk,(sk) R(xk,ék)},
K(xg,6p) € RM*™, K(xy,6) € R™*" satisfying the following optimization problem for all
o € Aand x € X:

min {trace(Q)}

(6.35)
subject to (6.13) — (6.15),(6.33) and Q — P(é¢) > 0,

then the SF controller (6.1) asymptotically stabilizes the closed-loop system comprised by
(2.3), with wy = 0, and (6.1) around the origin, and Lp, 4 is an estimate of the DoA.

Proof. The proof uses steps similar to those presented in Theorem 6.2 and Corollaries 6.2
and 6.5. O

Remark 6.6. Notice that condition (6.33) in Corollary 6.5 requires the additional restriction
that Q) (-) + Qa(-) must be a negative definite matrix in the DAR model. Despite this fact,
considerably less conservative results can be obtained using the complete information of the

nonlinearity vector (7ty), as shown in Example 6.3 below.

6.5 Numerical examples

In this section, numerical examples are presented to demonstrate the effectiveness of
the methodology provided in this part of the research. As for the Part Il, the stabilization
conditions in a LMI form were implemented in MATLAB (R2019) using the parser Yalmip and

the solver Mosek.

Example 6.1. Consider the following nonlinear system that does not have time-varying

parameters, adapted from Oliveira, Gomes da Silva Jr & Coutinho [12]:

X = X(7\r,
(Dk+1 = X(2)k (6.36)

X2)k+1 = X(1)k + 3x%1)k + X2k + Uk

which can be recast in a DAR, such that

01]IA2:[ 0 ]/A3:[0]/
11 3X(1)k 1 (6.37)

O =[xy 0], a=-1, O3=0.

T = x%l)k/ Al =

Let’s define the Lyapunov function candidate in (5.1) with

-
O = [x%l)k Y(OkX(2)k x%Z)k x?l)k x(l)kx%z)k x%1)kx(2)k x?z)k] : (6.38)



Chapter 6. Stabilization conditions based on polynomial Lyapunov functions 93

By using the first equation in (6.36), we have

O = |¥

Choosing (y = [x(z)kx(l)kﬂ X)kX(2)k41| - leads to the following matrices for
equations (5.3) and (5.4)

-1 0 0 0 0 0 0 0 0 1 0
0 -1 0 0 0 0 0 0 X 0 0
o 0 -1 0 0 0 0 0 Xk 0 0
Yo=1]0 0 0 -1 0 0 0|, Yp=1{0 0 |,Yo=|xox O |,
0 0 xpgr 0 -1 0 0 0 0 0 0
0 0 0 -1 0 0 0 0 xop
(0 0 xopp O 0 -1 0o 0 | |0 0
Yo1 = [g g 8 8 8 8 8]/ 1= [X(Zk (2)k ,Yo1 = =1, Y30 = 07x1, Y31 = O2x1,
(-1 0 0 0 0 0 O] ET
O -1 0 0 0 0 0 Xk 0
0o 0 -1 0 0 0 0 0 X
Xo=|xap 0 0 -1 0 0 0],X3=1|0 0
0 0 xaqp -1 0 0 0 0
Xop O 0 0 -1 0 0 0
L0 0 X 0 0 -1 0 0 |

Two situations are taken into account in this example. Firstly, we consider that the
whole information about system states is available in real-time. In this case, Corollaries 6.1
and 6.2 are used to synthesize SF controllers, and the results are compared with those obtained
using the approach proposed in Oliveira, Gomes da Silva Jr & Coutinho [12]. Secondly, we
suppose that only partial state information is measured, and SOF controllers are designed by

applying Corollary 6.3 and 6.4.



Chapter 6. Stabilization conditions based on polynomial Lyapunov functions 94

e Case 1: SF Control Design

The problem, in this case, is to determine the largest admissible polytope in state
space and the largest estimated DoA, such that system (6.36) can be stabilized. Thus, the
optimization problems presented in Corollaries 6.1 (by considering the polynomial Lyapunov
function in (5.1) with Oy defined in (6.38)) and 6.2 (by considering a quadratic Lyapunov
function) were solved and the results are compared with those from Oliveira, Gomes da Silva Jr
& Coutinho [12] in Table 6.3. For a fair comparison, we applied the DAR-based methodologies
proposed in Oliveira, Gomes da Silva Jr & Coutinho [12], disregarding the effect of input

saturation.
Table 6.3 — Estimated DoA by using different synthesis conditions.

Synthesis Control Polytopic Estimated
Conditions Law Region (&) Area
Theorem 1in [12]  not dependent on 71 [x(1)| < 0.61, [x(p)| < 0.61 0.8766
Corollary 6.2 not dependent on 7 |x(1)| < 0.81, [x(5)| < 0.81 2.0612
Corollary 6.1 not dependent on 7 [x(1y| < 0.85, |xp)| < 0.81 2.4717
Corollary 6.2 dependent on 77 X1kl <100, [x(p] <100  314.1583
Corollary 6.1 dependent on 77} Xyl <100, [x(p] <100  377.9260

The comparison shows that from the methodology proposed in this study, it is possible
to obtain feasible results for a considerably larger polytopic region, using the control law
dependent on 7. The largest estimated DoA is obtained from Corollary 6.1, with the area
computed of 377.9260, for X := {xk € R2: |x(q] < 100, |xpp] < 10.0}, ande=1. In
this case, incorporating information about vector 7t;. in the control law might be providing the

cancellation of the system’s nonlinearity, significantly increasing the estimated DoA.

Figures 6.1(a) and 6.1(b) depicts the estimated DoAs obtained from the methodologies
presented in Table 6.3 considering control law not dependent on 71, and dependent on 71y,
respectively. The figures also show some trajectories initiating inside the largest estimated

DoA, which start at the boundary region and converge to the origin.

From Figure 6.1 and Table 6.3, one can see the proposed approach’s potential in
reducing conservativeness, when the system’s nonlinearities are taken into account in the
control law. Besides that, it is also possible to note the effect of using polynomial Lyapunov

functions in the estimated DoA that contributes to obtain a larger and more accurate estimate.
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blue dashed line). (a) Estimate

blue solid line), Corollary 6.2 (black dotted line),

and in Oliveira, Gomes da Silva Jr & Coutinho [12] (magenta dash-dotted

line). (b) Estimate DoAs for the control law dependent on 71k, by using the

DoAs for the control law not dependent on 7T, by using the stabilization

Figure 6.1 — Estimated DoAs and some state trajectories (
conditions in Corollary 6.1

stabilization conditions in Corollary 6.1 (blue solid line) and Corollary 6.2

(black dotted line).

ign

SOF Control Des

e Case 2

Now, suppose that only the information about x 1y is available, given by the measure-

ment output yy. Therefore, it is possible to synthesize SOF controllers from Corollaries 6.3
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and 6.4. In this scenario, two situations are taken into account in our study: a linear and a

nonlinear measurement output.
— Linear measurement output

Consider the following linear measurement output and the respective matrices Cy, and
Cy, in the DAR (2.3):

Ve =X Gy = [1 O} , Cy,=0.

Based on this information and considering the same polynomial Lyapunov function
candidate as in the previous case, the optimization problems in Corollary 6.3 and Corollary 6.4
were solved to obtain the largest admissible polytope in state space and the largest estimated
DoA. Table 6.4 presents a comparison between the results obtained and Figure 6.2 depicts
the estimated DoAs in each case. In addition, Figure 6.2 also shows some state trajectories
starting at the boundary of the largest estimated DoA that converge to the origin.

Table 6.4 — Largest estimated DoA for the closed-loop system (6.36)-(6.19) with yx =

x(l)k'
Method Lyapunov function Polytopic region (X)) Estimated Area
Corollary 6.4 quadratic X1kl <0.55, [x(2)x] < 0.50 0.7533
Corollary 6.3 polynomial X1kl < 0.68, [x(p)| < 0.54 0.9497

In this case, the largest estimated DoA was obtained by Corollary 6.3, fore = 0.1 and
X = {xk € R?: [x(1)k] < 0.68 and [x(p)| < 0.54}. By applying Corollary 6.4 the better

result was achieved fore = 0.2 and X := {xk c R?: X1kl < 0.55 and [x(p)] < 0.50}_

From Table 6.4 and Figure 6.2 it is possible to verify that the proposed approach based
on polynomial Lyapunov functions can provide not only a larger estimated ellipsoidal DoA, but
also feasible results for a larger polytopic region X, in comparison with the results obtained by

considering quadratic Lyapunov functions.

Figure 6.3 shows the same estimated DoA in Figure 6.2 superimposed to initial conditions
that were numerically evaluated in simulation for the closed-loop system. Points denoted by 4’
correspond to initial conditions leading to asymptotically stable behavior, and points indicated
by “x ' correspond to initial conditions associated with unstable behavior. Note that, in this
case, the non-convex characteristic of region Rp,a contributes to obtain a more accurate
estimated DoA.
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Figure 6.2 — Largest estimated DoA and some state trajectories for the closed-loop system
(6.36)-(6.19) with yx = x(), by using Corollary 6.3 (blue solid line) and
Corollary 6.4 (black dotted line).
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Figure 6.3 — Estimated DoA (blue solid line), stability region (4), and instability region
(x) for the closed-loop system (6.36)-(6.19) with yx = x(q, using Corol-
lary 6.3 and the polynomial Lyapunov function candidate in (5.1) with O
defined in (6.38).
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— Nonlinear measurement output

Now, consider the following nonlinear measurement output and the respective matrices
Cy, and Cy, for the DAR (2.3):

Ye = X(1)k —+ 1.23(?1)]{, C]/l = [1 O:| p CyZ = 1.2X(1)k.

Table 6.5 summarizes the results obtained by using the proposed approaches to synthesize
SOF controllers, concerning the maximization of the estimated DoA. In this case, the largest
estimated DoA was obtained for X := {xk €R?: Xkl < 1.24 and [x (o] < 1.08}, by

solving the optimization problem in Corollary 6.3 with € = 0.1.

Table 6.5 — Largest estimated DoA for the closed-loop system (6.36)-(6.19) with yx =
X1y + 1.2x‘2’1)k.

Method Lyapunov function Polytopic region (X)) Estimated Area
Corollary 6.4 quadratic Xyl < 109, x| <0.97 2.8639
Corollary 6.3 polynomial Xyl < 1.24, |x(p)] < 1.08 3.8726

Figure 6.4 presents the estimated DoAs in each case and some trajectories initiating
inside the largest estimated DoA, which converge to the origin over time. Figure 6.5 also shows
the largest estimated DoA with the stability region for the closed-loop system denoted by +'
and the instability region indicated by using ‘X' From Figures 6.4 and 6.5 one can see the
potential of our methodology based on polynomial Lyapunov functions to provide a larger and

more accurate estimated DoA in comparison with the use of quadratic Lyapunov functions.

This example illustrates the effectiveness of the proposed method when the complete
information about system states is not available, and the measured output presents information
about the system'’s nonlinearities. Note that, when considering a nonlinear measurement output,
from the SOF controller designed by applying the proposed methodology, it was possible to
obtain an even larger estimated DoA than the regions found using SF controllers which do not

take into account the system’s nonlinear behavior in the control law.
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Figure 6.4 — Largest estimated DoA and some state trajectories for the closed-loop system
(6.36)-(6.19) with yx = x(1)x + 1.2x?1)k, by using Corollary 6.3 (blue solid
line) and Corollary 6.4 (black dotted line).
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Figure 6.5 — Estimated DoA (blue solid line), stability region (4), and instability region
(x) for the closed-loop system (6.36)-(6.19) with yx = x(q, using Corol-
lary 6.3 and the polynomial Lyapunov function candidate in (5.1) with ©
defined in (6.38).
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Example 6.2. Consider the following nonlinear system:

2
X
(1)k
X1k+1 = (1 =) Xk + Txé)k
O(1)kX(1)k (6.39)
X2)k41 = —X(1)k T X2k T O'STJC%),( + (1 +20(1y ) g,
1

Yk = X(1)k T 20(1)kX 2)k-
with a corresponding DAR such that

_ 2 T
X X
(1)k (1)k
= ,Cyp =11 26 , C,, =10 0},

1+ x%l)k 1+ x%l)k n [ (1)"} Ya [ }
[0 1-94 1 0 0

Al - (2)k ’ AZ - ’ A3 - ’
I -1 1 0 0.55(1)k 1+ 25(1)k

Ql _ 0 0 ) 02 _ 1 _x(l)k ) 03 _ 0 ‘
i -1 0 x(l)k 1 0

The SOF control design and an estimated DoA for the closed-loop system are derived
considering the following Lyapunov functions:

(a) Quadratic LF: V, = x| Pxy;
(b) Parameter-dependent LF: V, = x| P(6;)xy;
(c) Polynomial LF: V3 = 0, P6y, with

T P %
O = | Xk *)k x%l)k X(1)kX(2)k x%z)k] and P = 7T W]'

From the polynomial Lyapunov function given, we have

.
O = [x%l)k Y1)k (2)k x%z)k} '

By using the first equation in (6.39) we have

x%l)kx(l)k—&-l |
(1 - 5(2)k> XpX(k1+ — 35—

2
1 —|—x(1)k

x%1)kx(2)k+1 .

2
1+ x(l)k

Oy =
- (1 - 5(2)k> XX 2)kt+1 T

2
Y(2)k+1
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Defining
-
7, = x%l)kx(l)k+1 X(1)kX(1)k+1 x%l)kx(Z)kH YO @k o
= @k (Mk+1 XkX k41|
1 —|—x%1)k 1 —|—x%1)k 1 —|—x%1)k 1 —|—x%1)k
we get additional equations in (5.4) and (5.3) with
x(2)k 0 1 000 _(5(2)k 0
Yoo=—I3,Yio=| 0 Xop [Y0=10 0 1 0 0  —doy|Ys0 =031,
0 X241 0000 0 0
(0 0] [ -1 xqx O 0 0 0]
x(l)k 0 _x(l)k -1 0 0 0 0
0 0 0 0 -1 x 0 O
Yor = Ogx3, Y11 = Yo = (L , Y1 = Ogx1,
01 = O3, Y11 0 xuy 21 0 0 —xgp -1 0 0 31 = Ogx1
Yo O o 0 0 0 -1 0
| 0 o 0 0o 0 0 0 -1
X(1)k
X() = —13, X1 = x(z)k 0
0 X

Defining A := {5k €R: |5yl < 0.1 and |6yl < 0.19} and considering the Lya-
punov functions described previously, the optimization problems presented in Corollaries 6.3
and 6.4 were solved to determine the largest admissible polytope in state space and the largest

estimated DoA, such that system (6.39) can be stabilized. The results obtained are summarized
in Table 6.6.

Table 6.6 — Largest estimated DoA for the closed-loop system (6.39)-(6.19), by considering
different Lyapunov functions.

Method Lyapunov function Polytopic region (X)) Estimated Area
Corollary 6.4 quadratic X1kl < 0.55, |x(2), < 0.30 0.3678
Corollary 6.4  parameter-dependent  [x(1)i| < 0.60, [x(2)| < 0.30 0.4147
Corollary 6.3 polynomial X1k < 0.99, [x(2)] < 0.42 1.0316

In this scenario, the less conservative result was obtained by defining e =1 x 10~8 and
X = {xk € R?: [x()kl <099 and [x(p)] < 0.42}, to solve the optimization problem in
Corollary 6.3, which results in an estimated DoA with an area of 1.0316. Note that although the

use of parameter-dependent Lyapunov function provides a largest estimated DoA compared to
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that obtained by using quadratic Lyapunov function, this result is still conservative in comparison
with the estimated DoA from the synthesis conditions based on polynomial Lyapunov function,

as shown in Figure 6.6.

LDk

Figure 6.6 — Estimated DoAs based on polynomial Lyapunov fuction (blue solid line),
parameter-dependent Lyapunov function (region filled in gray), and quadratic
Lyapunov function (black dash-dotted line). Some state trajectories initiating
in the border of the largest estimated DoA and the four ellipsoids (orange,
magenta, green, and cyan dotted line) associated with the parameter-
dependent Lyapunov function are also shown in this figure.

In Figure 6.6 one can see the largest estimated DoA obtained (blue solid line) with some
trajectories initiating inside it (blue dashed line) considering different time-varying sequences of
Or € A. Note that, in this case, the estimated DoA is a non-symmetric region. In addition,
Figure 6.6 also shows the estimated DoA by using parameter-dependent Lyapunov function
(region filled in gray), which corresponds to the intersection of four ellipsoids (magenta, green,
orange, and cyan dotted lines), and the estimated DoA based on quadratic Lyapunov function
(black dash-dotted line).

This example illustrates the effectiveness of the proposed method for rational nonlinear

systems with time-varying parameters.

Example 6.3. Consider the following nonlinear system, without time-varying parameters,

borrowed from Guerra & Vermeiren [98]:

X(Wk1 = Xk~ XkXk + 5+ X))t (6.40)

X2)k+1 = —X(1)k — O.SX(z)k + 2x(1)kuk,
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which can be recast in a DAR, such that

1 0 -1 1 5
= | TOR@K] A = , Ap = , Az = ,
x(l)kuk -1 —-05 0 2 0
(6.41)
-1
O = 0 Dk , = 0 , O3 = 0 .
0 0 0 —1 x(l)k
By defining the following Lyapunov function
P % T
_ T 1 .
Vi(x) = elk ZlT Wl] 01, b1, = [x(l)k X(2)k x(l)kx(z)k} , (6.42)

from (5.1), we have O = x(1)xX(2)k, and using the first equation in (6.40) it follows that

Or11 = X)X (2)k+1 — XWX @k X @)k +1 + DUkX (23511 T X(1)kUkX (2)k+1-

-
Letting {y = [x(z)kx(z)kﬂ x(z)k+1”k} , we get the additional equations in (5.3) and
(5.4) with

Considering |x(1)x| < b, the goal is to obtain the maximum variation for the value b
such that there still exists a feasible solution, that is, there is a SF control guaranteeing the
asymptotic stability. Table 6.7 presents the largest b obtained from the proposed method-
ology for SF control design and other control design conditions existing in the literature in
the context of fuzzy discrete-time Takagi-Sugeno fuzzy models [28]. It is worth pointing
out that the results of our methodology presented in Table 6.7 were obtained considering
information about the nonlinearity vector in the control law and the states’ bounds defined by
X = {xk € R?: [kl < b, [x] < 40}. Since system (6.40) do not present time-varying
parameters, Corollary 4.2 in Part Il and Corollary 6.6 in Part Il are applied for a quadratic
Lyapunov function candidate. On the other hand, for Corollary 6.5, we consider the Lyapunov
function candidate in (6.42).
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Table 6.7 — Maximum variations of parameter b obtained using existing conditions and
the proposed approach.

Synthesis condition Maximum b
Theorem 5 in [98] 1.539
Theorem 2 in [99] 1.757
Corollary 4.2 1.765
Theorem 4 in [25] 2.041
Corollary 6.6 4.800
Corollary 6.5 4.900

Initially, in Guerra & Vermeiren [98], feasible solutions were obtained for b < 1.539.
This result is improved using the methodology proposed by Lendek, Guerra & Lauber [99],
which allowed to solve the problem for b < 1.757. Recently, a better result was obtained
by Coutinho et al. [25] using delayed non-quadratic Lyapunov functions, with b < 2.041.
The comparison shows that, from the proposed methodology based on polynomial Lyapunov
functions, it is possible to obtain feasible results for a larger value of b, given by b = 4.900,
with e = 1 x 10%.

It is worth registering that we notice that incorporating the vector of nonlinearities into
the control law together with the use of linear annihilator contributed significantly to reduce
conservativeness in this example. Note that from Corollary 4.2, where the linear annihilator is
not considered, the results obtained were conservative. Besides that, simulations of stabilization
conditions in Corollaries 6.5 and 6.6 with the control law not dependent on 7t} or without using

the linear annihilator also provided more conservative results.

Another important point to be highlighted is that, in the other methodologies presented
in Table 6.7, the regional stabilization with an estimated DoA was not took into account. In
this sense, Figure 6.7 shows a comparison between the stability regions for the closed-loop
system with the control gains designed using Corollary 6.5 (o) and that proposed by Coutinho
et al. [25] (-), considering b = 2.041. Note that the proposed conditions provide the largest
stability region encompassing that obtained the methodology in Coutinho et al. [25]. Figure 6.7
also shows the estimated DoAs from Corollary 6.5 (blue dash-dotted line) and Corollary 6.6
(green dotted line). It is worth mentioning that the stability regions obtained from these
Corollaries are almost the same for b = 2.041. However, as one can see in Figure 6.7, from
Corollary 6.5 based on polynomial Lyapunov functions, it was possible to obtain a considerably

less conservative DoA estimate.
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Figure 6.7 — Stability regions for the closed-loop system with the control gains designed
using Corollary 6.5 (o) and Theorem 4 in Coutinho et al. [25] (-) with
b = 2.041. Figure 6.7 also shows the estimated DoAs from Corollary 6.5
(blue dash-dotted line) and Corollary 6.6 (green dotted line).

The control gains obtained for b = 4.900 using Corollary 6.5 are:

Gp = 20.1196, G, =0.2551, Gz =20.0784, G4 = 0.2550,

Ky = |-2.3746 —10.0720}, K = [—2.4247 10.0721|,
Rz = [—1.6299 —10.0721}, Ky = [—1.6885 10.0720] .
Ry = [ —0.0446 —4.0653}, Ky = [—0.0096 —~4.1003|,
Rs = [-0.0532 —4.0559}, Ky = [—0-0099 40997 .

Figure 6.8 presents state trajectories and the control input sequence for b = 4.900.
Notice that for this value of b, no feasible solution is found for the other stabilization conditions
as described in Table 6.7.

In this example, we demonstrate that the proposed approach based on polynomial
Lyapunov functions can provide considerably less conservative results in terms of DoA estimate,
even using a simple polynomial function. Now, we show that increasing the complexity of vector
Oy can provide a more accurate DoA estimate at the price of increasing the computational

burden.
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Figure 6.8 — Time series of the state trajectories and the control input sequence of the

closed-loop system with the controller designed using Corollary 6.5 for b =
4.900.

For this purpose, let us consider the following Lyapunov function:

P2 *
Vz(xk) = QT 92 ,
1z wy| *

k (6.43)

k_

Thus, we have O = [x%l)k X(1)kX(2)k x%z)k , and using the first equation in (6.40) it

follows that

XX (Dk+1 — X(ORX@X (1)k+1 T DURX (1)kr1 + X1k MkX (1)k41
Ok+1 = | XWX 2)k+1 — XX @k X 2)k+1 T DUkX (2)k+1 T X(1)kUkX (2)k+1
2

Y (2)k+1
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Choosing

.
C= [ XX k1 YUY Qh+1  UkX(Dk1 UKX(Q)ks1|

the additional equations in (5.4) and (5.3) can be written with

X 0 X 0 xap 0
Yoo=—I Yio=| 0 xap |, Yo=| 0 —xaqx 0 xapl.
0 X2k 0 0 0 0
SX(1)k+1 x((l))k xo 8
Y30 = |5X(2)k41 | - Yor = Oax3, Y11 = 0 (S)k Yo =1y, Yo = ’
X(1)k+1
0 0 L X (2)k+1
x(l)k 0
X() = —13, Xl - x(z)k 0
0 x(2)k

Figure 6.9 depicts the results obtained by solving the optimization problem in Corol-
lary 6.5 for b = 2.041, considering the Lyapunov function candidate (6.43). Figure 6.9(a)
shows the estimated DoA with the stability region for the closed-loop system denoted by “+'
and the instability region indicated by using ‘<. In Figure 6.9(b) there are some trajectories
starting at the boundary of the DoA, which converge to the origin. Notice that, in this case,
a non-symmetrical region Rp,a was obtained, resulting in a more accurate estimated DoA

compared to those shown in Figure 6.7.

In addition, Table 6.8 shows a comparison between the results obtained from the
stabilization conditions proposed in this part of the research, by considering different Lyapunov

functions.

From Table 6.8, one can see that using the proposed approaches, the computational
effort in terms of the number of scalar variables (S,) and the number of LMl rows (L,) can
considerably increase, depending on the complexity of the polynomial vector function chosen
Oy. However, the area of the estimated DoA increases significantly in comparison with the use

of quadratic Lyapunov functions.
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Figure 6.9 — Estimated DoA (blue solid line) for system (6.40) with b = 2.041, using
Corollary 6.5 and the Lyapunov function candidate in (6.43). (a) Stability
region (4) and instability region (x). (b) State trajectories (blue dashed

line).
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Table 6.8 — Area of the estimated DoA and computational burden from the proposed
methodology, by considering different Lyapunov functions.

Synthesis condition  Lyapunov Function (LF)  Area of Estimated DoA Sy LR
Corollary 6.6 quadratic LF 1.2247 x 10? 167 88
Corollary 6.5 polynomial LF in (6.42) 2.6800 x 102 1703 1208
Corollary 6.5 polynomial LF in (6.43) 2.7659 x 102 4344 1860

6.6 Final remarks

This chapter has introduced new stabilization conditions to design gain-scheduled SF
and SOF controllers for discrete-time nonlinear systems with time-varying parameters, described
in a DAR form.

Firstly, based on the Lyapunov theory and using a polynomial Lyapunov function
candidate, synthesis conditions to design SF controllers were presented. By taking advantage
of the DAR, information on the nonlinearity vector 71, was taken into account in the proposed

control law (6.1).

Secondly, a new approach based on polynomial Lyapunov function candidate to design
SOF controller (6.19) was introduced. Our methodology can be applied to discrete-time
systems with nonlinear and/or parameter-dependent output matrix and no structural constraint

is imposed on the output matrix.

As stated previously, in the context of discrete-time nonlinear systems described in
a DAR form, Coutinho & Souza [50] proposed analysis conditions based on polynomial
Lyapunov functions, but without providing synthesis conditions. Therefore, this is an important
contribution of this doctoral work.

Besides that, for each case, it was shown how one can adapt the proposed methodology
to consider the simpler case of using parameter-dependent Lyapunov functions and a preliminary

analysis of the computational complexity was provided.

Numerical examples were presented in which the proposed approaches were applied to
provide the regional stabilization of polynomial and rational nonlinear systems, by SF and SOF

control design.

In the first numerical example, adapted from Oliveira, Gomes da Silva Jr & Coutinho [12],
the design of SF and SOF controllers was considered. This example showed the efficiency of the
proposed approach in both scenarios and how the information about the system'’s nonlinearities

in the control law can provide less conservative results.

In the sequel, our methodology was applied to control a rational nonlinear system

with time-varying parameters, taking into account three different Lyapunov functions. This
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example illustrates that the use of polynomial Lyapunov functions can provide considerably
less conservative results in terms of a largest estimated DoA, than the use of quadratic or

parameter-dependent Lyapunov functions.

Finally, the third example showed a favorable comparison between our methodology
and those provided by Guerra & Vermeiren [98], Lendek, Guerra & Lauber [99] and Coutinho
et al. [25] in the context of discrete-time Takagi-Sugeno fuzzy models. It has also been shown
that the methodology presented in this part of the research can provide less conservative results,
for the examples considered in this chapter, in comparison with that proposed in Part |, taking

into account the use of linear annihilators.
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Concluding remarks
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7 CONCLUSIONS AND FUTURE DIRECTIONS

7.1 Conclusions

This thesis has addressed the regional stabilization of discrete-time nonlinear systems
with time-varying parameters described in a Difference-Algebraic Representation (DAR) form.

The results obtained were divided into two parts that correspond to Part Il and Il of this thesis.

Part Il focused on the use of parameter-dependent Lyapunov functions to obtain new
stabilization conditions. In this part, Chapter 4 has presented novel LMI conditions to design
gain-scheduled state feedback controllers. This kind of control approach offers the possibility of
using information on time-varying parameters in the control law. Two state-feedback nonlinear
control laws were proposed: one that does not explicitly incorporate the vector of nonlinearities
used in the description of the system in its DAR form, and another one that incorporates this
nonlinearity vector. In addition, this investigation considered control input saturation and two
optimization problems have been stated, namely: (/) minimization of the upper-bound on the
induced ¢,-gain for the case of zero initial conditions, and (ii) maximization of the estimated

DoA in the absence of exogenous disturbances.

Part 11l focused on a new methodology for controller synthesis based on polynomial
Lyapunov functions. In this context, Chapter 6 has presented novel stabilization conditions in
terms of LMIs with a linear search parameter to design gain-scheduled SF and SOF controllers.
The new solution for SOF control, not explored in the context of DARs for discrete-time
systems, requires neither specific matrix-rank constraints in the system state-space model nor
iterative algorithms. In addition, it can be applied to rational nonlinear systems with nonlinear

and/or parameter-dependent output matrix.

Numerical examples have illustrated the effectiveness of the proposed methodologies
and have shown favorable comparisons with recently published approaches. It has been also
verified that using alternative Lyapunov functions and incorporating the nonlinearity vector in
the control law can provide considerably less conservative results in comparison with the use of
quadratic Lyapunov functions and the case when only the state vector is used to compute the
control action. Furthermore, it was possible to verify the potential of the proposed methodology
based on polynomial Lyapunov functions to provide a larger and more accurate estimated DoA

in comparison with the use of quadratic or parameter-dependent Lyapunov functions.

7.2 Further steps

The next steps of this research will be discussed in this section, based on the further

development of the main objective of this proposal, which is to provide efficient stabilization
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conditions for discrete-time uncertain nonlinear systems represented in a DAR form.

In this sense, topics for future investigations are:

a)

To extend the proposed method to investigate the problem of amplitude-bounded

disturbances:

One topic of interest in the continuity of this research is to consider exogenous
signals that can present an upper and a lower bound of its values, following the
approach reported by klug2017local applied to the context of systems represented
as Takagi-Sugeno fuzzy models. In this case, the disturbance input vector wy lies

inside the following set:

W = {wk € R™ : w] Lwy < A_l} , (7.1)
where L is a positive definite diagonal matrix and A is a positive scalar. Considering
1
L:diag{ll,lz,...,lnw}, li € R, thus |w(z)k| < ﬁ
i

Note that in this case, the concept of ultimately bounded systems must be used.

This approach could provide an interesting application problem related to the use
of discretized models of nonlinear systems. The idea is based on the fact that for
state constrained nonlinear systems, it could be possible to estimate the worst-case
numerical integration error in the region X. This value could be considered in
the amplitude bound of the exogenous disturbance when establishing stabilization

conditions.

To extend the proposed method to address the problem of multiobjective controller

design:

The development of synthesis conditions for multiobjective controllers is a challenge
for control engineering with several practical applications [100, 101, 102]. In this
case, the optimization problem aims at minimizing or maximizing two or more
objective functions simultaneously, and the concept of Pareto optimality could
be used [103]. Over the past few decades, several works aiming to synthesize
controllers using different norms simultaneously as performance criteria have been
presented in the literature [104, 105, 106, 107, 103]. As this thesis pursues different
optimization problems related to the control theory, the study of multiobjective

control for discrete-time nonlinear systems could be interesting for future steps.

To address other control problems that stand out in the literature and that were

not explored in depth in the context of DAR:s:

As previously discussed, the use of DAR has been investigated in the last decades
over several aspects. However, there are still many possibilities to be explored,

especially in the discrete-time domain. Some examples are Robust Model Predictive
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Control [108], Fault Tolerant Control [109, 49, 54], Time-Delay System Analysis and
Control [110, 111, 112, 113], and Event-triggered control [114, 29, 115, 116, 30].
These problems have been studied in the DIFCOM Laboratory in the context of
systems represented as Linear Parameter Varying (LPV) systems and TS fuzzy

models.

7.3 Publications

The publications related to the specific topic of this thesis are listed below:

e Reis, G. L.; R. F. Aratjo; L. A. B Torres; and R. M. Palhares. Gain-scheduled control
design for discrete-time nonlinear systems using difference-algebraic representations.
In: International Journal of Robust and Nonlinear Control. 31.5, pp. 1542 —
1563. 2021. DOI: 10.1002/rnc.5362;

e Reis, G. L.; R. F. Aradjo; L. A. B Torres; and R. M. Palhares. Stabilization
of rational nonlinear discrete-time systems by State Feedback and Static Output
Feedback. In: European Journal of Control. 67, Article no. 100718. 2022. DOI:
10.1016/j.ejcon.2022.100718;

e Reis, G. L.; R. F. Aratjo; L. A. B Torres; and R. M. Palhares. Improved Gain-
Scheduled Control Design for Rational Nonlinear Discrete-Time Systems with Input
Saturation. 2022. European Control Conference (ECC), 2022, pp. 560-565,
10.23919/ECC55457.2022.9838200.

In addition, following we have a submission involving a topic closely related with the main

subject of this doctoral research and which can be a starting point for future works:

e Peixoto, M. L. C.; Reis, G. L.; Coutinho, P. H. S.: L. A. B Torres; and R. M. Palhares.
Stability analysis of uncertain discrete-time systems with time-varying delays using
Difference-Algebraic Representation. 2022. European Control Conference
(ECC), 2022, pp. 2069-2074, 10.23919/ECC55457.2022.9838021.


https://onlinelibrary.wiley.com/doi/10.1002/rnc.5362
https://doi.org/10.1016/j.ejcon.2022.100718
https://doi.org/10.23919/ECC55457.2022.9838200
https://doi.org/10.23919/ECC55457.2022.9838021
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APPENDIX A - FINITE-DIMENSIONAL LMI RELAXATIONS

A.1 Guided proof of Lemma 4.1

The idea in this Section is to give more details to support the previous proof of
Lemma 4.1 and demonstrate how the concept behind this lemma can be used to obtain a finite
set of LMIs. For this purpose, we use Theorem 4.1 as an application example. Consider the
inequality (4.1) from Theorem 4.1. By (2.12), (3.1), (3.15), and (4.8), this inequality can be

recast as

T * * * ]
M M * * *
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Nj
M%Z = - Z“A(n)kpn/
n=1
1 Ny N(S Ny NzS Nx ND
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Note that, the system matrix indices have been chosen as “jm", without loss of generality.
To obtain a finite set of LMIs in terms of the vertices of the polytopes X', A, and D, it is

necessary to homogenize the terms of the previous inequality, as follows
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with the terms /\/124 and M%S, given by the respective constant terms in (A.1) multiplied by
Z H le 121712/ 12 Z;H lad AA\ \/[\\H/[\ \ua 0&\

m)k "

It is worth emphasizing that, as defined in Notation section, Y, ¥py = 1, for this reason,

v)k
the previous procedure does not modify the inequality in (A.1). The next step is to group the terms

according to the polynomials in (ay o Ky, K

H H nr
(o7 QB Ger Xox s Dy ). Let us consider the matrix ¥

(ke Fo(myk ijlm
defined as
[ —G; -Gy + P * * * _
AipuGi + A (DyKy + D Hy)  —Py %«
fim = | O1jmGit + Qaju (D;Ky + Dy Hy) M3, M3, * * |, (A.3)
0 Al 0 -1 »
(

L CayjmGit + Cozjm (DrKip + D, Hy;) 0 Mg3 Cayjm - —H

MBZ_ AZT]m—I_[Rz—IFDT—’—Sz—IFD;}A?’T]m’

M3s= He {0 Ny + Q3 [DyRyt + D; Si },
M%’S: szijil + CZ3jm [Derl + DZSﬂ] .

Thus inequality (A.2) is recasted as
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As ap, > 0, if the LMIs in (4.20) are satisfied, with Wi, defined in (A.3), then condition
(4.1)in Theorem 4.1 is guaranteed. Similar procedure can be performed to condition (4.3), disregarding
the variable n, since this inequality does not present the term P(J;.1). Finally, considering the
polytopic description of matrices P(d;) and G(xy, dx) it is possible to obtain the finite-dimensional
LMls to computationally handle condition (4.4)
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A.2 Extension to include uncertain time-varying parameters

As discussed previously, similarly to the case shown in Lemma 4.1, without uncertain time-
varying parameters, it is possible to use the multi-simplex framework based on (2.12), (4.23), (3.16),
and (4.22) to obtain a finite set of LMIs in terms of the vertices of the polytopes X', A, D, and A, as

follows.

Lemma A.1 (Extension of Lemma 4.1 to include uncertain time-varying parameters). Suppose Yz]lmop
withi,j € In,, I,m,n € In;, 0,p,q € INg/ andr € Ly,, are matrices of appropriate dimensions,

such that
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Y <0, i=j l=m 0=p,

iilloo

nqr nqr . . B .
Yijlloo + Yjllloo <0, i< ] l=m, o= p,

Y Y <0, i=j, l<mo=p,

iilmoo itmloo

nqr nqr T
Yiitop T Yiiipe <0, 1=j, I=m,0<p,

A.
Yila'qr + anr + Yi?.qr + Y’fﬁli’ <0, i< ]', l<m, 0= p, ( 5)

ijlmoo ijmloo jilmoo jimloo

nqr nqr nqr nqr . -
Yz'jllop + Yz]llpo + Y]zllop + inllpo <0, i< s I=m, 0< P,

yrar + yar + v + Y - 0, i= ]‘, [ <m,o< v,

iilmop iilmpo iimlop iimlpo

nqr nqr nqr nqr nqr nqr nqr nqr
Yijlmop + Yl]lmpo + Yz;mlop + Yl]mlpo + Y]zlmop + Y]zlmpo + Y]zmlop + Y]zmlpo <0,

i<jl<m o<p,

then inequality (A.4) is satisfied.
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Proof. The hypothetical matrix in (A.4) can be rewritten as
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Since ap,, > 0, if (4.20) are satisfied, then condition (4.19) is guaranteed. O
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